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1 Introduction

The study of common fixed point results began with the pioneering work of Jungck [13, 14], who in
1976, proved his remarkable common fixed point theorem for commuting mappings. Later on in 1996,
Jungck also introduced the concept of weakly compatible mappings and proved some common fixed point
theorems in ordinary metric spaces. Jungck’s idea of commuting and compatible mappings has been
equally generalized and extended by several authors in all branches of analysis and topology such as Das
and Naik [7], Pant [17], Sessa [20], Singh[21] are a few to name. For more results in this direction, we
refer to [1], [6], [18], [19], [21], [22] and references therein.

The present paper aims at proving some common fixed point theorems in the setting of complete
metric spaces for pair of weakly compatible mappings. The obtained results are generalization of some

fixed point theorems of Fisher [10]. The following fixed point theorems were proved in [3] and [10].

Theorem 1.1. [3] IfT: X — X is a mapping of the complete metric space X into itself satisfying the
inequality
d(Tz,Ty) < kd (z,y)

forall x,y € X, x # vy, where 0 < k <1, then T has a unique fized point in X .
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Theorem 1.2. [10] IfT : X — X is a mapping of the complete metric space (X, d) into itself satisfying
the inequality
2c1d (z,y),
d(Tz,Ty) < maxq ¢y [d(x, Tx)+d(y, Ty)],
czld(z,Ty) +d(y,T)]

Jorallz,y € X and 0 < ¢1,¢9,c3 < %,then T has a unique fized point in X.

Theorem 1.3.[10] IfT: X — X is a mapping of the complete metric space (X, d) into itself satisfying
the inequality

2c1d (z,y) [d (z, Tz) +d (y, Ty)]
[d (T, Ty))” < max 2exd (2, ) [d (¢, Ty) + d (y, T)]
ca[d(x, Tx) +d(y, Ty)][d(z,Ty) + d (y, Tr)]

Jorallz,y € X and 0 < ¢1,¢9,c3 < %,then T has a unique fized point in X.

2 Preliminaries

Definition 2.1. If X is a non empty set and d: X x X — [0,00) is a mapping satisfy the conditions:
(1)) 0<d(z,y) Va,y € X and d(x,y) =0 if and only if z = y.
(i7) d(z,y) =d(y,z) V z,y € X.
(131) d(z,y) < (d(z,2) +d(z,y)) ¥V z,y,z € X.

Then d is called a metric on X and the pair (X,d) is called a metric space.
Definition 2.2. (i) A sequence {x,} in a metric space (X,d) is said to converge to a point x € X, if

for every €> 0, there exists N € N such that d (x,,,x) <€,¥n € N denoted by lim,,_,o x, = x

(13) {xn} is called Cauchy sequence if for some N € N there exists €> 0 such that for m,n € N,
m > n we have limy, n— oo d (T, Tn) = 0.

(i4i) A metric space (X, d) is said to be complete if and only if every Cauchy sequence in X converges

to a point of X.

Definition 2.3. Let f and g be two self mappings of a set X into itself. A point x € X is called a
coincident point of the mappings [ and g if fx = gx.

Definition 2.4. A point x € X is said to be a fized point of a self-map f: X — X if T (z) = x.

Definition 2.5.[13] Let (X, d) be a metric space. Two self maps f, g : X — X are said to be commuting
mappings if f (g (x)) = g (f (x)) for all z € X.

Definition 2.6.[20] Two self mappings f and g of a metric space (X, d) into itself are said to be weakly
commuting if d (fgz,gfx) < d(fz,gx) for all x € X.
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Definition 2.7.[13] Two self maps f and g of a metric space (X,d) are said to be compatible if
lim d(fgzn,gfx,) =0
where x, € X such that lim, . fz, =lim,_ . gz, =t € X.

Lemma 2.8.[13] Let f and g be compatible mappings of a metric space (X, d) into itself. Suppose that

lim, o fz, =lim, . gz, = u, for some u € X, then

lim gfx, = fu, if f is continuous.
n—oo

Example 2.9. Let X is a non-empty set and d : X x X — R is a metric on X given by d(z,y) =
|x —y|Va, y € X. If f and g on X are given by

1 (@) 10z +1
= — €Tr) =
10" 7 20
Then f and g commute with each other such that f (g (x)) = g (f (x)) = 15 with 15 as the unique common

fized point of f and g and so are weakly compatible on X .

3 Common fixed point results

In this section we obtain coincidence points and common fixed point theorems for four self mappings
in complete metric spaces. In order to start our main results we begin with a simple but useful Lemma

that will be used in the sequel.

Lemma 3.1. Let (X,d) be a complete metric space and let A, B,S,T : X — X be self mappings of X
into itself satisfying the following conditions:
(1) A(X)CT(X) and B(X) C S(X).
(i)
2¢1d (S (2), T (y)) ,
d(A(z), B(y)) Smaxq e [d(A(x),T(y) +d(B(y),S ()],
c3[d(A(z),S(x) +d(B(y),T(y))]

Vz,y € X and c1,co,c3 = 0 are non negative real numbers such that
0<a,e2,a3 < B

then every sequence {yy} with initial point xo is a Cauch sequence in X .

Proof. Let zo € X and choose a point x; € X such that Tz = Azg and for z; there exists xo € X

such that Szo = By, continuing this process we construct sequences {x,} and {y,} in X given by

Yon = Axon = Txont1

Yont1 = BTony1 = STanyo
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Suppose that there exists k € [0,1) such that
& (Yns Ynt1) < kd (Yn—1,yn) ¥ =1

We show that {y,} is a Cauchy sequence in X. Using (¢) and (i7) , we have

d (Y2n, Y2ns1) = d (TT2n41, htonio) = d (Az2,, Broni1)
2¢1d (S (z20) , T (T2n41))
Smax{ co[d(A(z2,),T (v2n11)) +d (B (w2041), S (220))]
3 [d (A (z2n), S (220)) + d (B (22011) , T (22n41))]
2c1d (Y2n—1,Y2n) »
Smax | cp[d(A(Yan),Y2n) +d (Y2nt1, Y2n—1)]
¢ [d (y2n, Yy2n—1) + d (Y2n+1, Y2n)]
< max {2¢d (Y2n—1,Y2n) » € [d (Y2n—1, Y2n) + d (Y2n, Y2nt1)]}

where

¢ =max {c1,ca,c3} < 3

Hence, ether

d (Yon, Yon+t1) < 2¢d (Y2n—1, Y2n)

or
C
d o n < d n—1» n
(Y2n, Y2n+1) =0 (Y2n—1,Y2n)

In either case, we have

d (Yon, Yon+1) < kd (Y2n—1,Y2n)

Similarly,

d (Y2n—1,Y2n) < k*d (Y2n—2, Yon—1)

where k:max{Qc,(l—fc)} < 1 and since, 0 < ¢ < % we have 0 < k < 1.

Therefore, for all n € N, we can write

d (Yn+1, Ynt2) < kd (Y, Yni1) < .. <E" T (yo,y1)

Now, for any m,n € N, m > n, we have

d (yna ynfl) + d(ynflvyn72) +..+d (ym,l, ym)
k™d (yo, 1) + k"' d (yo, y1) + - + K™ d (yo, v1)

n

d (Yn, Ym)

VAN/AN

d (y0,y1) — 0 as n,m — oo.

-

Thus,

d (Yn, ym) — 0 as n — oo.

Hence {y,} is a Cauchy sequence in complete metric space X.
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The following theorem extends and generalizes Theorem 1.2 of Fisher[10] for four compatible map-
pings.

Theorem 3.2. Let (X,d) be a complete metric space and let A, B, S, T : X — X be self mappings of
X into itself satisfying the following conditions

(i) A(X)CT(X), B(X)CS(X) and

(it) T (X) or S(X) is a complete subspace of X.

(131) the pairs {A, S} and {B,T} are weakly compatible.

(iv) A and B satisfy the inequality

2c1d (S (%), T'(y))
d(A(x),B(y)) Smax{ ¢y [d(A(z),T (y))+d(By),S (x))], (3.1)
c3[d(A(x),S () +d(B(y),T(y))

Ve,y € X and c1,ca,c3 > 0 are non negative real numbers such that

1
0§61,62,043< 5 (32)

then A, B, S and T have a unique common fized point in X .

Proof. Let zy be an arbitrary point in X.In view of condition (i), we can inductively define a
sequence {y,} in X such that yo, = Axs, = Txopri1and yont1 = Brapt1 = Stapie, n = 0,1,2,3, ..
First, we use condition (iv) to show that {y,} is a Cauchy sequence in X. On substituting z = xg, and

Y = Top41 in inequality (3.1) gives us

d (Y2n: Y2n+1) = d (AZ2n, Brant1) <
2c1d (S (w20) , T (T2n41)) ,
max ¢z [d(A(z20), T (22n+1)) + d (B (22n+1) , S (220))] 5
cs [d(A(22n), S (220)) + d (B (22041) . T (22041))]

which is equivalent to

2c1d (Y2n—1,Y2n) »
d (Y2n, Y2n+1) S maxq ¢ [d (yan, Y2n) + d (Y2nt1,Y2n—1)]
3 [d (Yan, yan—1) + d (Y2nt1, y2n)]
< max {2cd (Y2n—1,Y2n) , ¢ [d (Y2n—1,Y2n) + d (Y2n, Y2n+1)]}

where

1
¢ =max {c1,ca,c3} < 3

Hence, either
d (Y2n, Yont1) < 2¢d (Y2n—1,Y2n)
or

C
d mny n g d n—1» n
(Y2n, Y2n+1) =0 (Y2n—1,Y2n)
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In either case, we have

d(anvanJrl) g kd (y2n717y2n) (33)

Similarly, we can write

d (Y2n—1,Y2n) < k*d (Y2n—2, Yon—1) (3.4)

Where k = max{Qc, (1—20)} < 1 and since, 0 < ¢ < % we have 0 < k < 1.

Therefore, for all n € N, we can write

d(yn+17yn+2) g kd (yn;ynJrl) g g knJrld(yanl) (35)

So, for all m > n,we have by (3.5) and triangle inequality

d(ynaym) < d(ynuyn—l)+d(yn—17yn—2)+-"+d(ym—luym)
< K (yo,y1) + K" (o, y1) + -+ K™ (yo, 1)

n

= md(ymM) — 0 as n,m — oo.

It follows from Lemma 3.1 that the sequence {y,} is a Cauchy sequence and by the completeness of X,

the sequence {y,} converges to some y € X such that

lim y, = lim Axg, = lim Bxg,11 = lm Szg,10 = lim Tag,11 =y.
n—oo n—oo n—oo n——oo n—oo

Now, we assume that T'(X) is a complete subspace of X. Then there exists v € X such that Tv = y.
If Bv # y then by using (3.1), we have

d(A(22n), B (v)) <

2c1d (S (x2n) , T (v)), 2 [d (A (22n) , T (v)) + d (B (v), S (w20))],
cs[d (A (x2n), S (220)) +d (B (v),T (v))]

max

As n — oo, we obtain

2cd (y, Tv),

d(y,Bv) < maxq{ cld(y, Tv)+d(Bo,y)],

cld(y,y) + d (Bv, Tv)]
2cd (y,y)

S maxq§ cld(y,y) +d(y, Bv)]

cld(y,y) +d(Bv,y)],

= max {0, cd(y, Bv)}

Hence

(1_C)d(yan) <0
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and the above inequalities is possible only if d(y, Bv) = 0 = y = Bv = Tv. In other words, v is a

coincidence point of B and T'. Since B and T are weakly compatible, they commute at a coincident point.
Therefore,

BT (v) =TB(v) and so By =Ty
If y # By, By using (3.1), we get

n11—>120 d(Axs,, By) <
2¢d (Swan, Ty),
maxlim, oo § c[d(Axa,, Ty) + d (By, Sz2,)],
cld (Azxay,, Sxa,) + d (By, Ty)]

Hence,
2cd (y, Ty) ,
d(y, By) <max § cld(y,Ty) + d(y, By)],
dld(y,y) +d(By, Ty)]

2Cd (y7 By) ?
=max{ 2cd(y, By),
0

= 2cd (y, By)

and this implies that (1 — 2¢)d (y, By) < 0 which is possible only if d (y, By) = 0=y = By
Since B (X) C S (X), there exists u € X such that Su = y.
If Au # y,by (3.1), we have

2¢d (Su, Ty),
d(Au, By) <max{ c[d(Au,Ty)+d (By, Su)] .
cld(Au, Su) +d (By, Ty)]

and this gives us
2¢d (Su,y),
d(Au,y) <max{ cld(Au,y) +d(y, Su)],
cld (Au, Su) + d (y,y)]

= c¢d(Au, By)
= (1-c¢)d(Au,By) <0
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and the inequality is possible only if d (Au,y) = 0 = Au = y and hence, Au = Su = y.Since, A and S
are weakly compatible, ASu = SAu and so Ay = Sy

d(Ay,y) = d(Ay, By)
2¢d (Sy,y) ,
Smax § cld(Ay,y) +d(y,Sy)],
cld(Ay, Sy) +d(y,y)]
If Ay # y,again by (3.1) we have
2cd (Ay,y),
0

= max

= 2cd (Ay,y)
This implies that (1 —2¢)d (Au,y) < 0 which is posible only if d (Au,y) = 0. Hence, y = Au. Thus,
Ay =By =Sy =Ty =y and so y is a common fixed point of A, B, S and T

Uniqueness: To claim uniqueness of y, suppose there exists another common fixed point y* € X of A,
B, S and T such that A (y*) = B (y*) = S (y*) =T (y*) = y*. Using condition (3.1), we have

2¢d (S (y), T (y"))
d(y,y") =d(A(y),B(y")) <maxq c[d(A(y),T (y*)+d(By*),S )],
cld(A(y),S () +d(By*),T (y"))]

2cd (y,y7) ,
<max{ cld(y,y*) +d(y*,v)],
cld (y,y) +d (y*,y*)]
=2cd (y,y")

1
29

the common fixed point y of A, B, S and T in X.

which is possible only if d (y,y*) = 0, since ¢ < 5, it follows that y = y* which gives the uniqueness of

Example 3.3. Let X = [0, 1] with the metric d (z,y) = |z — y| and define the self maps A, B, S and T
on X by

A@) = B(x) = {4}
1
) 50<2<1 B 5.0<z <3
S(x) = T (z) =
1, z=1 1, +<z<1

Then A(X) = B(X) = {3} and S(X) = T(X) = {3,1}. Now, we see that A(X) = B(X) C
S(X)=T(X) with S(X) and T (X) is complete subspace of X.
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Also, we have A (S (x)) = S (A (z)) . Similarly, B(T (x)) = T (B (x)) for.So, the pairs {4, S} and
{B,T} commute at coincidence point and are compatible. Hence, these mappings satisfies the conditions
of Theorem 3.2 with % as the unique common fixed point of A, B,S and T. Theorem 3.2 yields the
following Corollaries.

Corollary 3.4. Let(X,d) be a complete metric space and let A, S, T : X — X be self mappings of X
into itself satisfying the following conditions

() A(X) CT(X), A(X) C S (X) and

(1) either S(X) or T (X) is a complete subspace of X.

(ii1) the pairs {A, S} and {A, T} are weakly compatible and satisfy the inequality

2c1d (S (2), T (),
d(A(z), Ay)) Smax | ey [d(A(2),T (y)) +d(A(y),S (2))],
cz[d(A(x),S(x) +d(Ay), T (y))]

Vr,y € X and ci1,ca,c3 = 0 are non negative real numbers such that

1
0< 0,03 < B

then A, S and T have a unique common fized point in X.
Proof The proof follows from Theorem 3.2 by taking B = A.

Corollary 3.5. Let(X,d) be a complete metric space and let A, T : X — X be commuting self maps of
X into itself such that
() A(X)CT(X)
(i1) T (X) is a complete subspace of X
(iii) the pair{ A, T} is weakly compatible
(iv) A and T satisfy the inequality
2¢:d(T (%), T (y)) ,
(A @), A@y) <max{ e [d(A(2),T () +d(A(y),T ()],
c3[d(A(z), T (z)) +d(Ay), T (y))]

Vr,y € X and ci1,co,c3 = 0 are non negative real numbers such that

0< e, 02,3 < B

then A and T have a unique common fixed point in X .

Proof. The proof follows from Theorem 3.2 by taking B = A and S =1T.

Corollary 3.6. If T : X — X is a mapping of the complete metric space (X, d) into itself satisfying the
inequality
201d (.I, y) )

d(Tz,Ty) <maxq ¢y [d(z, Tz)+d(y, Ty)],
C3 [d (Ia Ty) + d (yv T:C)]
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Jor all z,y € X and 0 < ¢1,¢9,c3 < %, then T has a unique fixed point in X.

Proof The proof follows from Theorem 3.2 by taking A = B =T and S = Ix (Identity mapping).

Our next theorem is an extension of Theorem 1.3 in [10].

Theorem 3.7. Let (X,d) be a complete metric space and let A, B, S and T : X — X be self maps of
X into itself such that

(i) A(X) CT (X), B(X) C S (X).

(it) S and T are continuous and

(iii) the pairs {A, S} and {B,T} are compatible on X and satisfy the inequality

y) .S (.’L‘))] ) (3.6)

max

Ve,y € X and 0 < ¢1,ca,c3 < i, then A, B, S and T have a unique common fixed point in X.

Proof. Let zp € X. As A(X) C T(X), we choose 1 € X such that A(z¢) = T (x1). Since
Bzy € S(X) , we can choose z2 € X such that Bx; = Szy. In general zo,4+1 and 2,42 so that we can

define the Picard sequence {y,} in X, given by

{ Yon = A.Ign = T.rQnJrl and

Yont1 = BTani1 = Sxan2Vn = 0

Now, from (3.6), we have .

[d (Y2041, Y2ns2)]” = [d (A (220) , B (2011))])" <

2c1d (S (w20) , T (w2n41)) [d (A (220) , S (220)) + d (B (#2041) . T (22041))] ,
s 2c2d (S (w20) , T (w2n41)) [d (A (220) . T (22041)) + d (B (22n+41) , S (¥20))],
c3 [d (A (22n), S (x2n)) + d (B (22n+41) , T (T2n41))] X
[d(A(22n), T (x2n41)) + d (B (22n41) , S (220))]

2c1d (Yan—1,Y2n) [d (Y2n, Y2n—1) + d (Y2n+1,Y2n)]
2cad (Y2n—1,Y2n) [d (Y2n, y2n) + d (Y2n+1, Y2n—1)]

= max
3 [d (Yan, Yan—1) + d (Y2n+1, Yon)] ¥
[d (Y2n, y2n) + d (Y2nt1, Y2n—1)]
2¢d (Y2n—1,Y2n) [d (Y2n, Y2n—1) + d (Y2n+1, Y2n)]
< max

cld (y2n+1,y2n) + d (Y2n, y2n71)]2
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where ¢ = max {c1, ¢2,¢c3}

Now, since X is a complete metric space, there exist a point u € X such that

lim Azs,, = hm Txopy1 = hm Bxoy41 = hm STopto =u
n—oo

We show that u is a common fixed point of A, B, S and T.

Now, since S is continuous, therefore

lim 52x2n+2 = Suand lim Axzs, =u

n—oo n—oo

Since the pair{A4, S} is compatible on X, so

lim (ASxa,, SAzs,) =0

n—oo

So, by Lemma 2.8, we have

lim ASxz9, = Su

n—oo

Put 2 = Sz, and y = 22,41 in (3.6), we obtain

[d (A (Sw2n) , B (w2041))]" <

2¢1d (S (Sz2n) , T (22041)) [d (A (S720) , S (S20)) + d (B (22041) , T (w2041))] 5

2c2d (S (Sz2n) , T (22041)) [d (A (S720) , T (T2041)) + d (B (¥2n41) , S (S220))] 5

c3[d (A (Sw2n), S (Sz21)) + d (B (z2041) , T (T2041))] X
[d(A(S220), T (v20+1)) + d (B (¥2n+1) , S (S224))]

max

Taking limit as n — oo, we get

[ (Su, u)]” <
2cd (Su,w)[d (Su, Su) + d (u,u)],
2¢d (Su,u) [d (Su,u) + d (u, Su)],
cld (Su, Su) + d (u, u)] x
[d(Su,u) +d(u,Su)|

max

< max {0, 4cd (u, Su)]?, O}

= [d (Su,u))” < 4cld (Su,u)]?

1
where ¢ =max{c,co,c3} < =

4

and the above inequality is possible only if [d (Su,u)]” = 0 = d (Su,u) = 0 = Su = u, since 0 < ¢ < 1.
Next we will show that Su = Tu = w. Since, T is continuous, so using continuity of 7', we have

limy, oo T (Tx2n+1) = Twand lim,, oo T Bxop+1 =
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0.By Lemma 2.8, we have lim,,_, BT 22, = Tu.Now, by putting 2 = x9,, and y = Txo,4+1 in (3.6), we

obtain

(A (A (220) , B (Tz2n41))) <
Txap41) (22n), 8 (w20)) + d (B (Tw2n41) s T (T22041))]
(@2n), T (Tw2n41)) + d (B (T22n41) , S (220))]
22n)) + d (B (To2nt1) , T (Tr2041))] X
Taon+t1)) +d (B (Txans1), S (220))]

max

d
d
(
(z2n), T (

Taking limit as n — oo, we have

2¢d (u, Tu) [d (u,u) + d (Tu, Tu)],
[d (u, Tu)]” < max 2cd (u, Tu) [d (u, Tu) + d (Tu,u)],
cld(u,u) + d (Tu, Tu)] x [d(u, Tu) + d (Tu,u))

< max {O, 4¢d (u, Tu))? O}

which implies

(d (u, Tw)]? < de[d (u, Tu))?
which is contradiction, because 0 < ¢ < + = [d (Tu, u)]* < 0 and the inequality is possible only if Tu = u.
Hence, Tu = Su = u.

Again, utilizing condition (3.6), we obtain

[d(A(u), B (v2041))]° <
[d(A(u),S (u) +d(B(r2n41), T (v2n+1))]
[d(A(u),T (v2n+1)) +d (B (v2n+41), S (u))],

T (z2n+1)
2¢od (S (u), T (x2n41)
d(A(u)
(u)

)[d
)[d

—~

u)) +d (B (T2n+1), T (¥2n+1))] X

Aw),S(
A(u), T (w2n41)) + d (B (22041) , S (u))]

Taking limit as n — oo and Su = Tu = u, we have

Il
=
o
"
—
=
<o
o
=
—
b
S
<
Pt
[\v]
—
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= [d (A (u,u)]* < cld (u, Au)]?

which implies that d (Au,u) =0 = Au = u, since 0 < ¢ < %.
Finally, by using condition(3.6) and the fact that Su = Tu = Au = u, we have

[d (u, B (u))]* = [d (Au, Bu)]* <
B

2cd (S (u), T (w)) [d (A (u), S (w) +d (B (u), T (u)],

e J 264 @), T (W) [d (A (w), T (w) +d (B (u), S (u))],
cld(A(u), S (u) +d(B(u),T (u))]x
[d(A(u), T (v) +d(B(u),S (u))]

= [d (u, Bu)]” < ¢[d (u, Bu))*
and the above inequality is possible only, if d (u, Bu) = 0 and which implies that Bu = u.Hence, Au =

Bu=Su="Tu=u.

Uniqueness: For uniqueness, let u # v is another common fixed point of the mappings A, B, S and T
. We prove that u = v.
Putting = w and y = v in (3.6), we obtain

Ao = @AW B <
2ed (S (1), 7 (v)) [4(A (1) .8 () +d (B (0) . T ()]
] (S @) T ) AW @) +d(B )8 W),
M (A (), S (u) +d (B ()T @) x
[4(A (). T () +d(B(@).5 w)

= max 2¢d (u,v) [d (u, v) + d (v, )],
cld (u,w) + d (v, v)] % [d (u,v) + d (v, )]
= max {0,40 d (u,v)]Q,O}
= dc[d (u,v)]?
= [d (u, v)]* < de[d (u,0))?

or

(1 —4¢)[d(u,v)]> <0

and the inequality is possible only if [d (u,v)]* = 0 and this implies d (u,v) = 0 or u = v which proves

the uniqueness of the common fixed point of v of mappings A, B, S and T.
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Example 3.8. Let X = [0, 1] with the metric d (z,y) = |z — y|. Define the self maps A, B, S and T on
X as follows

H0<r<1 20<z<;
A(.I): 10 B(.I): 4 2
0,z=1, O,%<x§1

T

S(x):xandT(:v)zi

Clearly, A(X) C T (X) and B(X) C S(X) for all z,y € X. Furthermore, the pairs {A, S} and {B,T}
are compatible. Therefore, A, B, S and T satisfy all conditions of Theorem 3.7 with = 0 is the unique

common fixed point in X.

Corollary 3.9. Let (X, d) be a complete metric space and let A, S and T : X — X be self maps of X

into itself such that
(i) A(X) CT(X), A(X) € 5(X).
(1) S and T are continuous and

(i41) the pairs {A, S} and {A, T} are compatible on X and satisfy the inequality

max

Ve,y € X and 0 < ¢1, 9,03 < %, then A, S and T have a unique common fixed point in X.
Proof The proof follows from Theorem 3.7 by taking B = A.
Corollary 3.10. Let (X, d) be a complete metric space and let A, and T : X — X be self maps of X

into itself such that
() A(X) C T (X), A(X) C T(X).
(14) A or T is continuous and

(7i1) the pairs {A, T} is compatible on X and satisfy the inequality

200 (T (2) T (1)) [d (A @) . T (@) + (4 (0) . T )]

) 20T @) T@)AAE).T W) +d(AE). T @),
a1 (A (). T (@) + d(A(y) . T ()] x
A(A@).T @) +d(A@).T (@)

Ve,y € X and 0 < ¢1, 9,03 < i, then A and T have a unique common fixed point in X.
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Proof The proof follows from Theorem 3.7 by taking B = A and S =1T.

Corollary 3.11. Let (X, d) be a complete metric space and let T: X — X be self map of X into itself

and satisfy the inequality

201 (). T ) [A(T (2)., @) + (T (). T ().
] 20d(@) T @) AT @), T () + (T ). @),
3 d (T (). (@) +d(T (1) T ()] x
AT @), T (1) +d(T ). (@)

Ve,y € X and 0 < ¢1, 2,03 < i, then T have a unique fixed point in X.

Proof. The proof follows from Theorem 3.7 by taking A = B =T and S = Ix (Identitymapping).
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