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Abstract The constraint mechanical systems with quasi coordinates are more universal than gener-
alized coordinates, in this paper, we study the Noether symmetries and conserved quantities of non-
conservative singular systems in phase space. Firstly, the internal constraints induced by singularity
are equivalent considered as extrinsic nonholonomic constraints, the canonical equations of constrained
Hamilton systems with quasi coordinates are obtained by using transform to the Euler-Lagrange equa-
tions. Secondly, the infinitesimal transformations of time, quasi coordinates and generalized momentum
are introduced, the definition, criterion and Noether theorem are obtained according to the regular action
quantity keep generalized quasi invariance under the transformation, meanwhile, the inverse problem of
the Noehter symmetry is also studied. Finally, an example is given to illustrate the application of the
content. The results found that the rational use of quasi coordinates will make the constraints caused
by the singularity of the system do not affect the standard form of the regular equations and avoid the

emergence of constrained multipliers, the conservation is more concise.
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1 Introduction

Study on about the symmetries and conserved quantities of dynamical systems are a main branch of
intersection in modern mathematics and physics mechanics. The systems described by singular Lagrange
function are called singular systems and expressed in Hamilton form in phase space, it is also called
constrained Hamilton systems [1].Many important dynamic problems of mathematical physics and engi-
neering technology are in accord with the model of constraint Hamilton systems, such as electromagnetic

field light traversing phenomena quantum electrodynamics superstring theory etc.. In recent years,
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the research on constrained Hamilton systems’s symmetries and the conserved quantities are paid more
and more attention, and have made some progress. Dirac [2]and Li [3, 4, 5]firstly studied the Hamilton
canonical equations for singular systems with the Noether symmetry and conserved quantity and many
physical applications. Mei [6]and Zhang [7]respectively study the Lie symmetries and conserved quanti-
ties of singular systems in the form space and phase space. Luo [8] study Mei symmetries and conserved
quantities of Hamilton canonical equations of Singular systems, the relation between Mei symmetry and
Noether symmetry and Lie symmetry are also illustrated. Li [9] also studied the theory of regular sym-
metry of constrained Hamilton systems under external constraints and compared it with the nonsingular
systems. The present study to the singular systems’ theory is all based on the generalized coordinates,
however in analytical mechanics, the use of quasi coordinates is more universal, if the quasi coordinates
is rational, some problems will become great convenient. In document [10], the Noether symmetries and
Noether conserved quantities of holonomic systems with quasi coordinates are discussed. In document
[11], the Lie symmetries and Hojman type conserved quantities of holonomic systems with quasi coor-
dinates are given. In document [12], they study the form invariance of holonomic systems with quasi
coordinates, that is Mei symmetries and conserved quantities. In document [13], the Lie symmetries and
conserved quantities of nonholonomic nonsingular mechanical systems with quasi coordinates are studied.
The research literatures about the quasi coordinates have [14, 15].

Through literature discovery, the current research of constraint mechanics systems with quasi co-
ordinates are all in the form space, that is, the equations of motion of the systems are in the form of
Lagrange instead of Hamilton. As everyone knows, Hamilton systems have a set of perfect mechanical
characteristics (such as integral theory and canonical transformation theory), therefore, the symmetries
and conserved quantities of the singular systems with quasi coordinates in phase space are of great sig-
nificance for the constrained dynamics and engineering science. According to this idea the equations of
motion expressed by quasi coordinates and quasi speed have completely single structure, and it do not
depend on constraints or not . By introducing infinite transformations of time, quasi coordinates and
generalized momenta, the Noehter symmetry theory (including positive and inverse problems) with quasi

coordinates of singular systems in phase space are firstly obtained.

2 Canonical equations of constrained Hamilton systems with quasi coordi-

nates

The form of mechanical systems is determined by n generalized coordinates gs(s = 1,---,n) and the
Lagrange function of the systems is L(t,q,q) = T — V, the nonpotential generalized force is Qs(t, q, ¢),
according to Euler-Lagrange principle, the differential equations of motion for nonconservative systems
is:

d 0L oL

Y A T A = S 9 :1527"'5 1
S ) 0

0?L

For constrained Hamilton systems, since the rank of L’s Hess matrix [3' BE lis n — r < n, after the (1)
4s9qk
expansion, it is impossible to completely solve all generalized accelerations ¢g, and only a part generalized
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acceleration can be solved, so exists some relations that the number is r:

fg(t,q,cj)zo,(ﬁzl,---,r) (2)
Take quasi velocities:
wk:wk(qsaq.sut):ak845 7(87k:1727"'7n) (3)
It can be solved by formula (3):
qS = qS (qka Wi, t) = bskwk (4)

Theis inverse matrix elements of the matrix [ays], now introducing quasi coordinates 7:
Ws = Ts (5)
The internal constraints (2) can be shown as the form with quasi coordinates:
Wepp =0,0me05=0,(e=n—r) (6)

The relation between quasi coordinates and generalized coordinates are [16]:

0

] ow
5qs = —2 5y, Oy, = =
Wi

9qs

3 0qs (7)

The system’s Lagrange function L* and nonconservative force Q% are represented by quasi velocities:
L= L*(tu qs; ws) = L(tu sy bsks wk)
QZ‘ZQ*(tuq‘SuwS):QSka 7(87k:1727"'7n)

(8)

Introducing the generalized momentums

oL
T Ows

DPs = Ws = dskpk + es (9)

According to the inverse theorem of Legendre transform, The Hamilotn function H (t, ¢, p) with the quasi

coordinates is:
H(tv qap) = (psws - L*)

Ps—ws (10)

The generalized Boltzmann-Hamel equations for constrained Hamilton systems with quasi coordi-

nates are [17]:

doL*  OL* <~~~ O0L* , .
%8—%_ 6&]0 +§Z Ow ’Yva’w'l)_ch (0_1725"'55) (11)

Y4 18 three mark for Boltzmann:

m=1t=1 Om 0q
Form (10) has relations tomy, p;:
. 0H
= O
oH oL (13)
om om

41



M. Zheng: Noether symmetries and conserved quantities of constrained Hamilton systems with quasi coordinates

By (11) and (13) , we obtain the canonical equations of Hamilton systems in phase space with quasi

Coordinates are:

. 0H
= —a
o
. OH n_ e . . (=12 n—r) (14)
=0T ZZ%TAPTM + Q]

r=1lv=1
The form is completely similar to the holonomic nonconservative nonsingular systems, but there are
more internal constraint equations (6). It shows that the singularity of the systems does not affect the
single structure of the canonical equation with quasi coordinates, but it reduces the number of differential

equations.

3 Noether symmetries and conserved quantities of the systems

The regular action of the constrained Hamilotn systems with quasi coordinates in phase space is:
to
S = [psws - H(t7p7 Q)]dt (15)

t1

The infinitesimal transformation of a continuous Lie group involving a single parameter is:

" =t+ At =1t+¢&(t,q,p)
Ty (t*) = Ts (t) + Ams = WS(t) +&&s (t7 Qap) (16)
Pi(t*) = ps(t) + Aps = ps(t) +ens(t, ¢, p)

Under the infinitesimal transformations (16), the total variation of the (15) is:

AS =S + SA(t) = fttf (psdws + wsdps — Z—H&rs — g—Héps)dt + (psws — H)At
pd A “om " oH. (7
{— s s sWs t - .s - a9 s s 5 s t
b U gy Ps07s + (psw JAL + (=p 87TS)7T+(w aps)p}
In formula (17),6—H67T5 = a—Héqs , and it also because:
oms 8‘]5
0ms = Ammg — ws At = (&5 — wy zs_s
™ m 3 §o) = €& (18)
6ps = Aps _psAt = 5("75 _ps§0) = €0,
So formula (17) may be changed as:
. d. = . OH - 0H  _
AS = [, el gglps€a+ (paws = H)o] 4 (=he = 5208, + (ws = =), el
v d. = . OH OH —
= 5, Vs sWs — H —VMs T §_ = . T
b el psls £ (psw )6o] + (=p or, ~ osP apv)és 19)

OH OH —
s q n v T dt
+(w 8]Ds)er%sp 8pv€s}

(S,U,T:1,2,"',n)
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By using the internal constraint conditions (6), the (19) can be transformed into:

, d. = ) OH ~ 0H . _
AS = [, el g P& + (ot = H)o] + (=B = 520, + (wo = 5 =, et
_ e 4, 5 = . 0H . oH
- Jt E{E[psgs =+ (pG’wU - H)&O] + (_pa' - a—ﬂ_a — YvoPr 62?1; )50’ (20)

OH OH -
. — )7 T e € Vit
+(w 3pd)na+%ap 8pv€a}

(U:1527"'75;57T7’U:1527"'5’”)

If the regular action quantity (15) of systems is the invariant under the infinitesimal transformation (16)

in phase space, that is, for each transformation, it is always established
to d
AS = — {%(AG + Qioms) bdt (21)
t1

So the infinitesimal transformation (16) is a generalized quasi Noether symmetric transformation for
constrained Hamilton systems.

Be careful, the singularity of constrained Hamilton systems with quasi coordinates need to be consid-
ered, so the variational principle of mechanics should be changed into a constrained variational principle
with additional conditions, thus, the generalized quasi Noether symmetries need to be satisfied for the

equations:

oH oH

poga - W&J - 8—7T5

Eetp — wetp80 =0

) OH )
£ — Hé + (Q — vf,gpr%)(&; —web)+G =0 )

Theorem it is assumed that the infinitesimal transformation (16) of a given Lie group is the generalized
quasi Noether symmetric transformation (21) for constrained Hamilton systems in phase space, so, the
systems have the first integral that is linear independence:

oL*
Owy

The proof of the above theorem is very simple, it is only necessary to substitute the canonical equation

I:psgs_Hé.O'f'G:L*gO'f'

(§o — wolo) + G = const (23)

(14) into the generalized quasi Noether symmetries formula(21) (20), and simplify by using (18) is all
right.

4 The inverse problem of Noether symmetry

The inverse problem of Noether symmetry for constrained Hamilton systems is known the first
integral (conserved quantity of motion) of holonomic systems in phase space, the generating element
of infinitesimal transformations and gauge function are obtained by using the invariance condition of
the regular action quantity and the Noether theorem [18]. The conserved quantities of singular systems
generally do not necessarily have corresponding Noether symmetries, therefore, the inverse problem of
Noether symmetry for onstrained Hamilton systems may be solvable, and may not be solvable.

Suppose the systems have first integral

I =1(t,q,p) = const (24)
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The second equation in the canonical equations (14) multiply &, = &, — we&o, it can obtained:

oH oH oH
—Po — 73— — VooPro— e —5—&)=0 25
( p 871'0 ,YUO'p 8pv + QG’) (5 8pa' 50) ( )
Because of the rule of total derivatives:
dl 90 0I ol
_ = — —Wsg _— .U = 2
i~ ot Tam Tyt =0 (26)

Make formula (25) and formula (26) add up, and make the coefficient of the item p, is equal to zero:

or, o1

ope (27)

By formula (23) and (27), the all generators of infinitesimal transform &y, {scan be obtained, the generator

7s can be given by the following formula:

_ (9p5 (9])5 (9p5

s — s s Ws 2
s =5, o+ 67rk€ + B (€s — wséo) (28)
The form(28) is easy to prove , because:
Ops Ops Ops
Aps = en, = At ATy Aws 2
e T R (29)

Combined with formula (16), it can be proved.

5 Example

The Lagrange function and the nonpotential generalized force of the holonomic mechanical systems

with two degrees of freedom are established:

1, )
L= g(ﬁ + q1G2

(30)
Q1= ——q17Q2 =q1q2
q1

Try to investigate the Noether symmetry and inverse problem of the systems with quasi coordinates.
It is obvious that the L’s Hess matrix rank is 1 < 2, so it is constrained Hamilton systems, then the

Euler-Lagrange equation and the internal constraint equation of the systems are:

.. . q1
Ggi—g2+—=20

@ (31)
@1 = q1q2
Take the quasi velocities are w1 = ¢1,w2 = ¢1 —q1¢2, it can be solved by reverse:¢1 = w1, ¢2 = (w1 —wa)—,
q1
then the internal constraint becomes:
Wy = 0 (32)
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After calculating the systems’s three mark of Boltzmann, it can obtain 7{; = r#; = 0, then the canonical

equations of the systems are:

m =p; —1
e =0
. 7.T1 1 (33)
Pr=—-—-—-—
1 1
p2=0

According to the generalized quasi Noether equation (22), the system’s infinitesimal generator o, &s

satisfies the following equations:

& — Mﬁl — HE — ﬂ(& —wi&)+G=0

q1 w1
S — w2l =0 (34)
Wwo = 0

The corresponding generating elements of infinitesimal transformations and gauge function are preferable

to:
§=086=16=0,G=—pn (35)
b=16=6=0,G=—[q
It can obtained by formula (28):
m=rmn2=0 (36)

Take formula (35) and (36) into the system’s Noether conserved quantities formula (23), it can obtained:

11 = const

1, (37)
Iy = —prw — SWI w1 — /(h

It can be seen that the first set of Noether symmetry generators leads to a ordinary conserved quantity,
and the second set of generators leads to the conservation of the energy of nonconservative systems.
Secondly, we study the inverse problem of Noether symmetry. Suppose the systems have first

integral

1
I = —prw; — gw% —wy — /q1 (38)

Given by equations (27), (6) and (28):

o = wiéo —wi
o — w2 =0 (39)
m = (& —wiéo)nz =0

To (39), a set of solutions is preferred:

fo=14=8=0m=n=0 (40)
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Then, according to the conserved quantities of the Noether symmetry (23), the gauge function is:

G:_/ql (41)

An example of Noether symmetry for constrained Hamilton systems with quasi coordinates in phase

space is given.

6 Conclusion

In summary, the Noether symmetry theory of nonconservative constrained Hamilton systems in phase
space with quasi coordinates is studied in this paper. By constructing quasi velocities, the canonical equa-
tions of dimension reduction are obtained by transforming the Euler-Lagrange equations, the existence
of bound multipliers are avoided, the equations preserves the single structure form of the canonical equa-
tions in the complete with nonsingular mechanical systems. Based on the generalized quasi invariance
of regular function under infinitesimal transformations of regular coordinates, the generating elements of
constrained Hamilton systems satisfying the generalized quasi Noether equation are obtained by varia-
tional computation. The corresponding conserved quantity of Noether type is also found, at the same
time, the inverse problem of Noether symmetry of constrained Hamilton systems with quasi coordinates
in phase space is studied. With quasi coordinates, the form of the constrained Hamilton systems is
more concise and convenient and the conservation quantity has multiple expression forms. However, this
article does not consider the existence of external constraints, when external nonholonomic constraints
and singularities exist at the same time, how to construct quasi coordinates is a big problem, this is a

question that can be further studied.
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