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Abstract This paper aims to investigate more properties of soft grill which was first introduced in [6].
Also, we introduce and study the concepts of GL-perfect soft sets, GR-perfect soft sets and Go-perfect
soft sets in soft topological space which are extensions of the concepts soft 7g-closed, soft 7g-dense
in itself and soft 7g-perfect, respectively in terms of soft grill G. Also, a characterization for suitable
condition between the soft topology 7 and the soft grill G utilizing the collection of GR-perfect soft sets
is investigated. Moreover, a new generalized finite soft topology on a finite soft set via the collection
GR-perfect soft sets, which is finer than soft topology 7¢, is obtained. Furthermore, we will show for any

grill G the collection GL-PSS(X, A) is a finite generalized soft topology.
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1 Introduction

Soft set theory was first introduced by Molodtsov [18] as a general mathematical tool for dealing
uncertain fuzzy, not clearly defined objects. He has shown several applications of this theory in solving
many practical problems in economics, engineering, social science, medical science, and so on. Modern
topology depends strongly on the ideas of set theory, but M. shabir and M. Naz [20] used soft sets to
define a topology namely soft topology and defined soft separation axioms. Some of these separation
axioms have been found to be useful in computer science and digital topology. In addition, Maji et
al. [16] introduced several operations on soft sets and basic properties of these operations have been
revealed thus far. The notion of soft ideal was initiated for the first time by Kandil et al. [11]. They also
introduced the concept of soft local function. These concepts are discussed with a view to find new soft
topologies from the original one, called soft topological spaces with soft ideal (X, 7, E, I ). Applications
to various fields were further investigated by Kandil et al.[7, 9, 10, 12, 13, 14, 15]. The notions of soft
grill, soft operators ¢¢( ), ¥a( ) and soft topology 7 were defined and discussed in [6].
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The main purpose of this paper is to introduce and investigate GL-perfect soft, GR-perfect soft
and Go-perfect soft sets in soft topological spaces which described by soft grill. A characterization for
a suitable soft grill via GR-perfect soft sets is studied. Also, a new generalized soft topology via the
collection of GR-perfect soft sets, which is finer than the soft topology 7 on a finite universe set X is
obtained. Furthermore, we show that for any grill G the collection GL-PSS(X, A) is a finite generalized
soft topology.

2 Preliminaries

Let X be an initial universe set and E be a set of parameters. Let P(X) be the power set of X and
A Dbe a non empty subset of E. F,4 is called a soft set over X [18], where F is a mapping given by F:
A—P(X). For two soft sets F4, Hp over common universe X, we say that F 4 is a subset of Hp [16], if
ACB and F(e)CH(e), for all e€A. In this case, we write F4CHpg. Two soft sets F4, Hpg over a common
universe X are said to be equal, if FACHp and HgCF 4.
A soft set F4 over X is called a null (resp., an absolute) soft set, denoted by 04 (resp., X 4), if for each
e€A, F(e)=0 (resp., F(e)=X) [16]. In particular,
(X, A) will be denoted by X 4.

The union of two soft sets of F4 and Hp over the common universe X [16] is the soft set K¢, where
C=AUB and for all eeC, K(e)=F(e), if ec(A - B); K(e)=H(e), if ee(B - A), and K(e)=F(e)UH(e),
if ee(ANB). We write FoLUHp=K¢. Moreover, the intersection K¢ of two soft sets F4 and Hp over
a common universe X [20], denoted FoMHp, is defined as C=ANB, and K(e)=F(e)NH(e) for all ecC.
The difference between two soft sets F4 and Hy over X [20], denoted by Ky=(F4 - Ha), is defined as
K(e)=F(e) - H(e) for all eeA. The symmetric difference K4 of two soft sets F4 and Hy, denoted by
FAAHy, is defined as (F4 - Hq)U(H4 - F4). The relative complement of a soft set F4 [1], is denoted by
(F4)¢ and is defined by (F4)°=X4 - Fa, where F¢: A—P(X) is a mapping given by (F)¢(e)= X - F(e)
for all eeA. Moreover, ((F4)¢)°=F4.

Remark In order to efficiently discuss, we consider only soft sets F4 over a universe X in which all

the parameters set A are the same.

In this paper for convenience, let SS(X, A) be the family of soft sets over X with set of parameters
A.

Definition 2.1 [20] Let F 4 be a soft set over X and x€X. x€F 4 whenever x€F(e) for all e€A. Note that
for any xeX, x¢F 4, if x¢F(e) for some e€A.

Definition 2.2 [20] Let x€X, then x4 denotes the soft set over X for which x(e)={x} for all ecA.

Definition 2.3 [20] Let 7 be the collection of soft sets over X with the fixed set of parameters A.
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Then, 7 is said to be a soft topology on X, if it satisfies the following axioms:

(i) 0.4, X4 belong to .

(ii) the union of any number of soft sets in 7 belongs to 7.

(iii) the intersection of any two soft sets in 7 belongs to 7.

The triplet (X, A, 7) is called a soft topological space over X or a soft space. Every member of 7 is called

an open soft set. The complement of an open soft set is called the closed soft set [8] in (X, A, 7).

Definition 2.4 [21] Let (X, 7, A) be a soft topological space. A sub-collection SC7 is said to be a

soft base for 7, if every open soft set can be expressed as a soft union of members of (.

Definition 2.5 [21] A soft set F4 of a soft topological space (X, 7, A) is called a soft neighborhood
(soft nbd.) of the soft point x. if there exists an open soft set K4 such that x,€K4CF 4. The neighbor-
hood system of a soft point x., denoted by N, is the family of all its neighborhoods.

Definition 2.6 [20] The soft closure cl F4 of a soft set F4 in a soft topological space (X, 7, A), is
the intersection of all soft closed sets that contain F 4, i.e., cl Fo=M{Ma€7¢ | FACM4}. Clearly, a soft
point x. is called soft closure point of F 4, if for every open soft nbd. Uy of x; FAI_IUA#@;;.

Definition 2.7[11] Let I be a non-null collection of soft sets over a universe X with a fixed set of
parameters F, then I C SS(X)g is called a soft ideal on X with a fixed set F if

(1) (F,E) € I and (G,E) € I = (F,E)J(G,E) €1,

(2) (F,E) € I and (G, E)C(F,E) = (G,E) €I,

i.e. I is closed under finite soft unions and soft subsets.

Definition 2.8 [6] A non-empty collection GESS (X, A) of soft sets over X is called a soft grill, if the
following conditions hold:

(i) f FAeG and F4CHy, then HaeG.

(ii) If FAUH4 €G, then F4€G or HqeG.

Definition 2.9 [6] Let G be a soft grill over a soft topological space (X, 7, A). Consider the soft
operator ¢pg: SS(X, A)—SS(X, A), given by ¢g(Fa)={x. | UsNF4€G for every open soft nbd. Uy of
X} for every soft set F 4. Then, the soft operator ¥g: SS(X, A)—SS(X, A), defined by for every soft
set Fa, ¥g(Fa)=Faldc(F4) is a kuratowski s closure operator and hence gives rise to a new soft topol-
ogy 7¢={Ha | ¥a(X4 - Hy)=(X4 - Ha)} on (X, A) which is finer than 7 in general. A soft base 3(G,
7) for the soft topology 7¢ on (X, A) is given by 5(G, 7)={(Va -Fa) | Vaer, Fa¢G} and TC3(G, 7)C7¢g.

Lemma 2.1 [6] Let G be a soft grill over a soft topological space (X, 7, A). Then, for every F4€S8S(X,
A) the following statements hold:

(i) If FA¢G, then ¢g(Fa)=04. Moreover, ¢c(04)=04.

(ii) padc(Fa)log(Fa)=cl ¢pc(Fa)Ccl Fa. Moreover, ¢g(F4) is soft T-closed.
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(iil) pc (Ve (Fa))=va(¢c(Fa))=¢c(Fa).

(iv) Ye(a(Fa))=vc(Fa).

(v) If F4 is a soft closed set, then ¢g(F4)CF 4.

(vi) F4 is a soft 7g-closed set if and only if ¢ (Fa)CF 4.

Lemma 2.2 [6] Let G be a soft grill over a soft topological space (X, 7, A). Then, for every Fju,
HAeS8S(X, A) the following statements hold:

(i) FACH4 implies ¢ (Fa)E¢c(Ha).

(ii) ¢c(FalHa)=¢c(Fa)Udc(Ha) and ¢g(FaMHa)Ege(Fa)dc(Ha).

(il) ¢c(Fa) - ¢c(Ha)=dc(Fa - Ha) - dc(Ha).

(iv) If Ha¢G, then ¢g(FaAlHA)=¢¢(Fa)=¢c(Fa - Ha).

(v) f FAAHA¢G, then ¢pgF a=pcH4.

Lemma 2.3 [6] Let (X, 7, A) be a soft topological space, F4€SS(X, A) and Gy, G2 be two soft
grills over X. Then, ¢g1(Fa)Coge(Fa), if GICGs.

Lemma 2.4[6] If G is a soft grill on a soft topological space (X, 7, A) with (7 - §4)CG. Then,
(i) For any open soft set Ha, HaC o (Ha).
(ii) ¢ (Xa)=Xa.

Theorem 2.1[6] Let G be a soft grill on a soft topological space (X, 7, A) and F4€SS(X, A) such
that FAE¢G(FA)- Then, cl F y=7g-cl FA=C1(¢G(FA))= ¢G(FA)-

3 On soft grill

The notion of soft grill was introduced by R. Hosny in [6]. In this section, we will formulate, in
different ways, a suitable condition between the given soft topology 7 and the soft grill G, such this
condition makes the induced soft topology 7¢ well-behaved and more applicable. We intend to do some
investigations in respect of the soft topology 7¢, along with certain applications, under the assumption

of such a suitability condition imposed on the concerned soft grills.

It is worth to mention that, in the current paper the following formula will be used, for every F4€8S (X,
A), Fa=(F 4 - pc(Fa)) and Fa=(¢c(Fa) - Fa).

Definition 3.1 Let G be a soft grill over a soft topological space (X, 7, A). Then, a soft topology
7 is said to be suitable for the soft grill G, if for all F4€SS(X, A), (Fa - pc(Fa))¢G.

Some equivalent descriptions of the suitability between soft topological space and soft grill will show

in the next theorem.
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Theorem 3.1 Let G be a soft grill over a soft topological space (X, 7, A), then the following state-
ments are equivalent

(i) A soft topology 7 is suitable for the soft grill G.

(ii) For any 7g-closed soft set Fa, (Fa - vc(Fa))¢G.

(iii) For any F4€SS(X, A) and each soft point x,, xo€F 4 there exists open soft nbd. Ua of x, with
UAMF 4¢G, it follows that F¢G.

(iv) F4€SS(X, A) and F4Mpe(F4)=04, then F¢G.

Proof (i)=(ii) Obvious. (ii)=-(iii) Let F4€SS(X, A) and assume that for every x,€F 4 there ex-
ists open soft nbd. Uyh of x, such that UasMF¢G. Then, x,¢¢c(Fa) so that FAFIgog(FA)sz. Now
as U (Fa) is 1g-closed soft set, then by (ii) of this theorem (¥ (Fa) - vc(¥a(Fa)))¢G. By using
Lemmas 2.1, 2.2, we have Fy=(FsUpc(Fa) - pa(Fa))=[(Falec(Fa)) - oa(Falea(Fa))]=(Pa(Fa) -
0c(Ya(Fa)))¢G. Consequently, F4¢G.

(iii)=(iv) Let FAeSS(X, A) and Falpg(Fa)=04, then xo¢¢q(Fa) for every xo€F 4. Hence, there
exists open soft nbd. Uy of x, such that UsM F4¢G. In view of (iii), F4¢G.

(iv)=(1) Let F,€SS(X, A), then by using Lemma 2.1 and Lemma 2.2, (F4 - o¢(Fa))"pa(Fa - pa(Fa))=
(Fa - 06 (Fa)pa(Fa - pa(Fa))=lis. Hence by (iv), (Fa - 9a(Fa)¢G.

Theorem 3.2 Let G be a soft grill over a soft topological space (X, A, 7) and F4€SS(X, A). Then, the
following statements are equivalent

(i) FAMpe(Fa)=04, then ¢c(Fa)=04 -

(ii) 6 (Fa - o (Fa))=0a.

(iil) pa(Falga(Fa))=0c(Fa).

Proof (i)=(ii) Let F4€SS(X, A), then (Fa - ¢¢(Fa))oéa(Fa - pa(Fa))=04 and so ¢g(Fa -
¢c(Fa))=0a.
(il)=-(iii) Let F,eSS(X, A) and Fo=(Fa - (FaAMoc(Fa)))U (FaNdc(Fa)), then ¢c(Fa)= dc(Fa -
(FaNgc(Fa)))Uoe(Fanoc(Fa))= ¢c(Fa - ¢a(Fa))lpa(Falde(Fa))= dc(FaNpc(Fa)).
(ii))=(1) Let F4€SS(X, A) and FaM¢a(Fa)=04, then ¢ (Fa)=¢c(FaNéc(Fa))= ¢c(04)=04.

Theorem 3.2 gives us a certain necessary conditions for a suitability a soft topology 7 with the soft grill G.

Theorem 3.3 Let G be a soft grill over a soft topological space (X, 7, A) such that a soft topology
T is a suitable for the soft grill G and F4 is a 7-closed soft set, then ¢pgoc(Fa)=¢c(Fa).

Proof Let F4 be a 7g-closed soft set and a soft topology 7 is a suitable for the soft grill G, then
by Lemma 2.1 and Theorem 3.1, ¢¢(F4)CF 4 and (F4 - ¢c(F4))2G. Hence, (g (Fa) - Fa)=04¢G and
(Fa - ¢c(Fa))¢G. Consequently, (¢G(Fa) - FA)U(Fa - ¢c(Fa))¢G and so FaA@q(F4)¢G. Thus, by
Lemma 2.2 (v) ¢c¢c(Fa)=¢c(Fa).
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Theorem 3.4 Let G be a soft grill over a soft topological space (X, 7, A) such that a soft topology
7 is a suitable for the soft grill G and F4e€SS(X, A). Then, ¢goc(Fa)=0c(Fa).

Proof Let Fy=(F4M¢a(FA))U(F 4 - ¢(Fa)), then ¢a(Fa)=¢c(FaMoa(Fa)) Upa(Fa - ¢a(Fa)).
Since a soft topology 7 is a suitable for the soft grill G, then (Fa - ¢g(Fa))¢G. In view of Lemma
2.1 ¢(Fa - ¢a(Fa))=0a. Hence, ¢ (Fa)=¢c(FaNdc(Fa)) Cocéa(Fa). Since pada(Fa)Toa(Fa),
consequently, ¢coc(Fa)=oc(Fa).

Corollary 3.1 Let G be a soft grill over a soft topological space (X, 7, A) such that a soft topol-
ogy T is a suitable for the soft grill G and F4€SS(X, A). Then, ¢ (Fa) is a soft rg-perfect.

Theorem 3.5 Let G be a soft grill over a soft topological space (X, 7, A) such that a soft topology
7 is a suitable for the soft grill G. Then, a soft set F 4 is soft 7g-closed if and only if it can be expressed

as a union of a soft 7-closed and a soft set which is not in G.

Proof Let F 4 be a 7¢-closed soft set, then by using Lemma 2.1, ¢c(F4)CF 4 and so Fa=¢¢(Fa)U(F 4
- ¢c(F4)). Since a soft topology 7 is suitable for soft grill G, then (Fa - ¢¢(F4))¢G. In view of Lemma
2.1, ¢c(F ) is soft Tg-closed. Conversely, let F4=UUH,4, where Uy is soft 7-closed and H4¢G. Then,
by using Lemmas 2.1, 2.2, we have ¢¢(Fa)=¢c(UaUHA)=¢c(Us)Ccl Uy=U4,CF 4. Hence, Fu is soft

Ta-closed.

Corollary 3.2 Let G be a soft grill over a soft topological space (X, 7, A) such that a soft topol-
ogy T is a suitable for the soft grill G. Then, a soft set F 4 is soft 7g-closed if and only if it can be

expressed as a union of a soft 7g-perfect set and a soft set which is not in G.

Theorem 3.6 Let G be a soft grill over a soft topological space (X, 7, A) such that a soft topology
T is a suitable for the soft grill G. Then, a soft open base 3(G, 7) for the soft topology 7¢ on (X, A) is

TG -

Proof Let F4 be a 7g-open soft set. Then, by Theorem 3.5, (XA - F4)=UsUH,4, where Uy is
a 7-closed soft set and Ha¢G. Then, FA:(XA -Ua)n (XA - HA):(XA -Ua) - Ha=V4 - Hy, where
VA:(XA - Uy) is a 7-open soft set. Thus every 7g-open soft set is of the form (V4 - Ha). Hence,
Fa€B(G, 7). Since (G, 7) is a open soft base for the soft topology 7¢ on (X, A), then 3(G, 7)=7¢.

In view of Lemma 2.4 and Theorem 2.1, it follows that whenever each non-empty open soft set is a
member of the soft grill G, then the condition and hence the conclusions of Theorem 2.1 hold. If in
addition, the soft topology is suitable for the soft grill G, we have something more as is given by the

following theorem.

Theorem 3.7 Let G be a soft grill over a soft topological space (X, 7, A) with (7 - 04)EG such
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that a soft topology 7 be a suitable for the soft grill G. If H, is a 7g-open soft set and Ha=(Uy4 - F4),
where U, is a 7-open soft set and F4¢G, then 7g-cl Ha=cl Ha=¢¢(Ha)=dc(Ua)=cl Ug=75-cl Uga.

Proof Let Hy be a 7g-open soft set and Hy=(Uy4 - F4), where Uy, is a 7-open soft set and F4¢G,
then in view of Lemma 2.2 we have ¢g(Ha)=¢c(U4). Since (7 - §4)CG and Uy is a m-open soft set,
then using by Lemma 2.13 we have UsCée(U,) and so by using Theorem 2.14, ¢¢(Ug)=cl Uyg=rg-cl
Ug4. Since Hy is a 7g-open soft set, then (XA - Hy) is a 7g-closed soft set and so by using Lemma 2.1,
6(Xa - Ha)T(X 4 - Hy). Therefore, ¢ (X 4) - ¢ (HA)T (X4 - Hp). Since (7 - §4)CG, then by Lemma
2.5, ¢G(XA):XA and so X4 - gbg(HA)E(XA - Ha) which implies that HyC ¢ (H4). Hence, by Theo-
rem 2.1, ¢ (Ha)=cl Hy=7g-cl Hy. Consequently, 7g-cl Ha=cl Hy=¢¢(Ha)=¢c(Ua)=cl Ug=15-cl Uya.

Theorem 3.8 For any soft grill G on a soft topological space (X, 7, A), let (F4)'¢ and (F4) de-
note the derived sets of A with respect to 7¢ and 7 respectively. Then,

(i) (Fa) “C(Fa).

(ii) (Fa) “Céa(Fa).

Proof (i) Follows from the fact that 7C7¢. (ii) Let xo€(F4) €. Hence, xo€¥q(F4 - {xa})=(F4 -
{xPUdc(Fa - {xa}). Consequently, xo€hc(Fa - {xa})Eda(Fa).

Definition 3.2 Let G be a soft grill over a soft topological space (X, 7, A). Then, a soft topology 7 is
said to be suitable for a soft G, if (F4 - ¢pq(Fa))¢G, for all F4€SSS(X, A).

Some equivalent descriptions of the suitability of soft topology with a soft grill will show in the next

Theorem.

Theorem 3.9 Let G be a soft grill over a soft topological space (X, 7, A), then the following state-
ments are equivalent

(i) A soft topology 7 is suitable for a soft G.

(ii) For any soft tg-closed set Fa, (Fa - ¢ (Fa))¢G.

(iii) For any soft set F4 and each x.€F 4 there exists an open soft nbd. U, of x. with UAMF4¢G, it
follows that F4¢G.

(iv) If F 4 is a soft set and F4M¢q(F4)=04, then F4¢G.

Proof: (i)=(ii) Obvious. (ii)=-(iii) Let F4€SS(X, A) and assume that for every x.€F 4 there
exists open soft nbd. Uy of x. such that UsMF4¢G. Then, x.¢pg(Fa) so that FaMpg (FA):(/);;. Now
as Ug(Fa) is 7g-soft closed, then by (ii) of this theorem (Ug(Fa) - ¢g(Vg(Fa)))¢G. By using Lemma
2.1 and Lemma 2.2, we have F4=(F 4Upg(Fa) - og(Fa))=[(Falpg(Fa)) - pg(Falpg(Fa))]= (¥g(Fa)
- og(Pg(Fa)))¢G. Consequently, F,¢G.

(ii)=(iv) Let FA€SS(X, A) and F 4Mpg (F 4)=0 4, then x.&¢g (F 1) for every x.€F 4. Hence, there exists
open soft nbd. Uy of x. such that UoMF4¢G. In view of (iii), F4¢G.
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(iv)=(i) Let F4€SS(X, A), then by using Lemma 2.1 and Lemma 2.2, (F - 96 (F4)) g (Fa - 96 (Fa))=0.a.
Hence by (iv), (Fa - ¢g(Fa))¢G.

4 GL, GR and Gy-perfect soft sets

Definition 4.1 Let G be a soft grill over a soft topological space (X, 7, A). Then, a soft set F 4 is said
to be:

(i) Soft G-dense in itself, if FACog(Fa).

(i) Soft G-dense, if ¢g(F4)=X4.

(iii) Soft G-perfect, if ¢c(Fa)=Fa.

(iv) GL-perfect soft set, if (Fa - ¢c(Fa))¢G.

(v) GR-perfect soft set, if (¢ (Fa) - Fa)¢G.

(vi) Go-perfect soft, if F4A¢q(Fa)¢G.

The collection of GL (resp., GR and Gp)-perfect soft sets in (X, 7, A) are denoted by GL-PSS(X,
A) (resp., GR-PSS(X, A) and Go-PSS(X, A)).

Lemma 4.1 Let G be a soft grill on a soft topological space (X, 7, A). Then, the following state-
ments hold:

(i) Every soft G-dense set is soft G-dense in itself.

(i) Every soft G-perfect set is soft G-dense in itself.

Proof: It is obvious.
The converse of above Lemma need not be true in general. The following example supports our claim.

Example 4.1 Let X={x, v}, A={e1, e2}, G={E14, Eoa, Esa, Xa} and 7={F14, Fau, Fsa, 04, X4}
where E14, Eoa, Eza, F14, Foa and F3,4 are soft sets over X, defined by Eja={{x}, {y}}, Eaa={{x},
X}, Esa={X, {y}}, F1a=FEa4, Foa={0, X} and F54={{y}, X}. Then 7 is a soft topology over X and
G is a soft grill over X. A soft set {{x}, {y}} is soft G-dense in itself and it is not soft G-dense nor soft
G-perfect, where ¢¢(Fa)={{x}, 0}.

Lemma 4.2 Let G be a soft grill on a soft topological space (X, 7, A). Then, the following state-
ments hold:

i) Every soft G-dense in itself is GL-perfect soft set.

ii) Every soft 7¢-closed set is GR-perfect soft set.

(

(

(iii) Every soft T-closed set is GR-perfect soft set.

(iv) Every soft set is Go-perfect if and only if it is both GL-perfect and GR-perfect.
(

v) Every soft set is both GL-perfect soft set and GR-perfect soft set, if it is soft G-perfect.
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(vi) For each soft set (F, A), where F4¢G, we obtain F4 is GL-perfect soft set and Go-perfect soft set.

Moreover, every subset of F 4 is also Gg-perfect soft set.
Proof Follows directly, in view of Definition 2.7, Definition 3.1 and 7C7¢.

Remark 4.1 The converse of (i), (ii) and (iii) of Lemma 4.2 are not true in general, as shown in

the following example.

Examples 4.1 Let X={x, v}, A={e1, e2}, G={E14, Eoa, Esa, XA} and 7={F 4, (7]24, XA} where
Ei4, E2a, Ez4 and F4 are soft sets over X, defined by E1a={{y}, X}, Eaa={{x}, X}, Esa={X, {v}}
and F4=E 4. Then, 7 is a soft topology over X and G is a soft grill over X.

(i) A soft set {X, {y}} is GL-perfect and it is not soft G-dense in itself, where ¢g(F4)={{x}, 0}.

(i) A soft set {{y}, X} is GR-perfect and it is not soft 7g-closed, where ¢ (Fa)={X, X}.

Lemma 4.3 Let (X, 7, A) be a soft topological space with G=P(X) - {#l4} and F,eSS(X, A). Then,
(i) F4 is soft G-perfect set.
(il) GL-PSS(X, A)=GR-PSS(X, A)=Gp-PSS(X, A)).

Proof: (i) Since G=P(X) - {04}, then ¢g(F4)=F4 and so F is soft G-perfect set.

(ii) It is clear.

Definition 4.2 A soft principal grill generated by a soft set F4 in a soft topological space (X, 7, A) is
defined as [F4]={Ux | FAMUA#04}.

Lemma 4.4 Let (X, 7, A) be a soft topological space and F4€SS(X, A). If G=[F 4], then ¢ (F4)=cl,F 4
and GR-PSS(X, A)=Gp-PSS(X, A))=8S(X, A).

Proof: Obvious from the Definition 4.5.

Lemma 4.5 Let G be a soft grill on a soft topological space (X, 7, A). Then, the following state-
ments hold:

(i) (/)NA is GL-perfect soft, GR-perfect soft and Go-perfect soft sets.

(ii) X4 is GR-perfect soft set.

(iii) X4 is GL-perfect soft set, if ¢g(Xa)=X4.

(iv) ¢c(Fa), ¥va(Fa) and cl (F4) are GR-perfect soft set.

Proof: Obvious by Lemma 2.1 and Lemma 4.3.

Theorem 4.1 Let G be a soft grill on a soft topological space (X, 7, A) and a soft set F4¢G. Then,
(i) (Fa - ¢c(Fa)) is Go-perfect soft set.
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(ii) (¢ (Fa) - Fa) is Ge-perfect soft set.
(iii) (FaA¢a(Fa)) is Ge-perfect soft set.

Proof: Obvious.

Theorem 4.2 Let (X, 7, A) be a soft topological space, FA€SS(X, A) and Gy, G2 be two soft grills
over X with GiCGs. Then, F 4 is GR-perfect soft set with respect to Gy, if it is GR-perfect soft set with
respect to Ga.

Proof: Since GiCGs and by using Lemma 2.3, then ¢g1(Fa)E¢da2(Fa). Let Faq be GR-perfect
soft set with respect to Gao, then (¢pg2(Fa) - Fa)¢Ga. Since, (¢g1(Fa) - FA)C(édg2(Fa) - Fa), hence
(pc1(Fa) - Fa)¢Ga. Since G1CEGay, thus (¢pg1(Fa) - Fa)¢G;. Consequently, F4 is GR-perfect soft set
with respect to Gi.

Lemma 4.6 Let G be a soft grill on a soft topological space (X, 7, A) and F4, Hx be soft sets such that
FACHAC oG (Fa), then ¢a(Fa)=dc(Ha).

Proof: It is clear from Lemma 2.1 and Lemma 2.2.

Theorem 4.3 Let G be a soft grill on a soft topological space (X, 7, A) and F4, H4 be soft sets such
that FACHAC ¢ (F 4). Then, the following statements hold:

(i) If Hy is GL-perfect soft set, then F 4 is GL-perfect soft set.

(i) If F4 is GR-perfect soft set, then H, is GR-perfect soft set.

Proof: (i) Let Hy be GL-perfect soft set, then (Ha - ¢¢(Ha))¢G. Since, FACH4, then (Fu -
o (Ha))E(Ha - ¢ (Ha))¢G. Hence, by using Lemma 4.10, ¢ (Fa)=¢c(Ha), and so (Fa - ¢c(Fa))¢G.
Consequently, F 4 is GL-perfect soft set.

(ii) Let F 4 be GR-perfect soft set, then (¢g(Fa) - Fa)¢G. Since FACH 4, then (¢c(Fa)-Ha)C(pa(Fa)
- F4)¢G. Hence by using Lemma 4.10 ¢ (Fa)=¢c(Ha) and so (¢ (Ha) - Ha)¢G. Consequently, Ha is
GR-perfect soft set.

Theorem 4.4 Let G be a soft grill on a soft topological space (X, 7, A) and Fa, HyeSS(X, A).
Then,

(i) If F4, Hy are GL-perfect soft set, then F4LIH4 is GL-perfect soft set.

(ii) If F 4, H4 are GR-perfect soft set, then FoLH, is GR-perfect soft set.

Proof: (i) Let F4, Hy be GL-perfect soft sets. Then, (F4 - ¢¢(F4))¢G and (Ha - ¢c(Ha))¢G. By

the definition of soft grill, (FA - ¢G(FA))H(HA - (ZSG(HA))%G Since, (FAHHA - ¢G(FA|_|HA)) Z(FAHHA)
- (¢pc(Fa)Uodg(HA))C (Fa - ¢pa(Fa))U(Ha - ¢c(Ha))¢G. Hence, FoLH 4 is GL-perfect soft set.
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(ii) Let F 4, Ha be GR-perfect soft sets. Then, (¢pg(Fa)-Fa)¢G and (¢c(Ha) - Ha)¢G. By the def-
inition of soft grill, (pc(Fa) - Fa)U(da(Ha) - Ha)¢G. Since, (¢¢(Fa)lde(Ha)) - (FaUHA)E(Pq(Fa) -
Fa)U(¢c(Ha) - Ha), then (¢ (FaUHA) - (FAUHA))=(b6 (Fa)Upa(Ha)) - (FALUHA)¢G. Hence, F4UH4
is GR-soft perfect set.

Corollary 4.1 The soft union of two Go-perfect soft sets F 4, Ha is Go-perfect soft set. Proof: Straight-

forward.

Theorem 4.5 The soft intersection of two GR-perfect soft sets F 4, Hy is GR-perfect soft set. Let
G be a soft grill on a soft topological space (X, 7, A). If F4, Ha are GR-perfect soft sets, then F4MH 4
is GR-perfect soft set.

Proof: Let F4, Hy be GR-perfect soft sets. Then, (¢pc(Fa) - F4)¢G and (¢a(Ha) - Ha)¢G. So
(¢G(FA)|_|¢G(HA) - FA)¢G and (¢G(FA)|_|¢G(HA) - HA)ﬁ'éG By the definition of soft grill, (¢G (FA)l_l(bg(HA)
- Fa)U(pa(Fa)Noa(Ha) - Ha)¢G. Thus (¢pg(FaMHa) - (FAMHL))E(dc(Fa)Noa(Ha)) - (FAMHA)¢EG.
Hence, (pg(FaMHy) - (FAMH4))¢G and so FoMHy4 is GR-perfect soft set.

Corollary 4.2 Let G be a soft grill on a soft topological space (X, 7, A) and Fy, H4eSS(X, A).
Then,

(i) Finite union of GL-perfect soft sets is an GL-perfect soft set.

(ii) Finite union of GR-perfect soft sets is an GR-perfect soft set.
(iii) Finite union of Gp-perfect soft sets is an Go-perfect soft set.
(

iv) Finite intersection of GR-perfect soft sets is an GR-perfect soft set.

Theorem 4.5 Let G be a soft grill on a soft topological space (X, 7, A) with X is finite, the collec-
tion of soft sets GR-PSS(X, A)CSS(X, A) is finite soft topology, which is finer than soft topology 7¢.

Proof: It is follows from Lemma 4.2, Lemma 4.5 and Corollary 4.2.

The collection of soft sets GR-PSS(X, A) is a soft topology on a finite initial universe set X follows
from (i), (ii) of Lemma 3.7 and (ii), (iv) of Corollary 3.15. In view of (ii) of Lemma 3.3, the collection of
soft sets GR-PSS(X, A) is finer than soft topology 7¢.

Definition 4.3 Let p be the collection of soft sets over X with the fixed set of parameters A. Then, p is
called a generalized soft topology on X, if it satisfies the following axioms:

(i) 0.4 belongs to .

(ii) the union of any number of soft sets in p belongs to p.

The triplet (X, A, p) is called a generalized soft topological space over X. Every member of @ is called

an p-open soft set. The complement of an p-open soft set is called the p-closed soft set.
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Theorem 4.6 Let X be finite set, then for any grill G the collection GL-PSS(X, A) is a finite gen-
eralized soft topology.

Proof: It is follows directly from Lemma 4.5 and Corollary 4.2.
Follows directly according to (i) of Lemma 3.7 and (i) of Corollary 3.15.

Theorem 4.7 Let G be a soft grill on a soft topological space (X, 7, A). If the soft topology 7 is suitable
for a soft G on X, then GL-PSS(X, A)=8S5(X, A).

Proof: Obvious by Theorem 3.9.

Theorem 4.8 Let G be a soft grill on a soft topological space (X, 7, A) such that the soft topol-
ogy T is suitable for a soft G and F4€S8S(X, A). Then, (i) If FAM¢a(F4)=04, then F 4 is Go-perfect soft
set.

(ii) (Fa - ¢c(Fa)) is Go-perfect soft set.

(iii) x.€F 4 there exists an open soft nbd. Uy of x. with UsMF 4¢G, it follows that F 4 is Go-perfect soft

set.
Proof: Follows directly from Lemma 4.2 and Theorem 4.7.

Theorem 4.9 Let G be a soft grill on a soft topological space (X, 7, A) and F4€SS(X, A), then
the following statements are equivalent
(i) The soft topology T is suitable for a soft grill G.
(i) If F4 is GR-perfect soft set, then F4A¢q(F4)¢G.

Proof: (i)==(ii) Let F4 be GR-perfect soft set, then (¢c(Fa) - F4)¢G. In view of Theorem 3.19
and (i) of this Theorem (F4 - ¢ (F4))¢G and (¢pg(Fa) - Fa)¢G. Hence, F 4 Adc(Fa)¢G.
(il)==(i) Since (F4 - ¢c(F4))CF4A¢c(F4), then by (ii) (Fa - ¢c(F4))¢G. Hence, The soft topology

T is suitable for a soft grill G.
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