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Abstract In this paper, we obtain power series representations and corresponding hypergeometric
forms of positive integral powers of arctangent functions, associated with Gauss, Kampé de Fériet’s
general double, Srivastava’s general triple, Saigo’s general quadruple and Srivastava-Daoust multi-variable

hypergeometric functions.
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1 Introduction

For definitions of Pochhammer symbol, generalized hypergeometric function ,Fj,, Kampé de Fériet’s

general double hypergeometric function F57" Srivastava’s general triple hypergeometric function F®),
’ : BM ..., B

. DM ... D)

of Srivastava and Manocha [3] and other notation have their usual meanings.

Srivastava-Daoust multi-variable hypergeometric function F g we refer monumental work
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Saigo’s general quadruple hypergeometric function Flﬁ/‘[l)

In 1988, M. Saigo defined a more general quadruple hypergeometric function [1, p.15, Equation 17];
[2, pp.455-456, Equation 16] F\? (slightly modified notation) in the following form:
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provided that the above multiple series is absolutely convergent.
Multiple Series Identities [3, pp.100-103 and p.161]
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provided that the above multiple series is absolutely convergent.
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2 Power Series Representations of Positive Integral Powers of tan™!(z)

In this section we obtain power series representations of some positive integral powers of tan~(z)

when |2] < 1,
ton PSS e by | g
(mn;# = Ii HHZ: (2n1—|— %) 2 (2m1+ 1)} (_(;1):5;;3 ! (10)
(tan; L g@ an: (2n1+ 3) Wio (2m1+ 2) :O (2£1+ 1)} (_(;/)jf:; : (11)
and

By replacing z by iz in the above power series forms we can obtain power series forms of positive

integral powers of (taunh71 z)™ for m = 2,3,4,....

3 Hypergeometric Forms of Positive Integral Powers of tan—!(z)

When |z| < 1, then hypergeometric forms of some positive integral powers of tan~!(z) are given by
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(16)
By replacing z by iz in the above hypergeometric forms we can obtain hypergeometric forms of

positive integral powers of [tanh™! 2] for m = 2,3,4,.. ..

4 Proofs of Power Series Forms and Hypergeometric Forms

To obtain power series representations of positive integral powers of tan—'z, we shall expand
exp(atan™ 2) with the help of Leibnitz’s theorem (for the successive differentiation of the product of

two functions) in powers of z.

222 (a®—2a)2®  (a* —8a?)z*  (a® —20a® + 24a)2°
+ + +

tan tz) =1 ¢
explatan™ z) =14 az + 51 30 1 =

(a® — 40a* + 184a2)2%  (a” — 70a® + 784a® — 720a)z”  (a® — 112a° + 2464a* — 8448a?)28
+ o + = + 3 +
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(a® — 168a” + 6384a® — 5235243 + 40320a)2?
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(a13
* 13!
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14! o
(17)

! 2, using well known exponential series

CL14
N

Further we can expand exp(atan~! z) in power of atan~
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Now equating the coefficients of various powers of a, we get when |z| < 1
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In the same manner we can derive the power series forms (12).

Proof of general hypergeometric form (16): By the equation (12), we have

(tan~!z)™ i ﬁ njz’l 1 (—1)m zm+2m
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Now applying the multiple series identity (8), we get
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In view of the definition of Srivastava-Daoust multi-variable hypergeometric function, we get the
hypergeometric form (16). Similarly when we apply series identities (5), (6) and (7) in power series forms
(9), (10) and (11) respectively we can obtain the hypergeometric forms (13), (14) and (15) in view of
the definitions of Kampé de Fériet’s general double hypergeometric function, Srivastava’s general triple

hypergeometric function, Saigo’s general quadruple hypergeometric function.
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