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Abstract The main purpose of this paper, is to extend the study of soft weak structures [1, 30]
defined on a set X. We further introduce the soft structure r(swo) and study its basic properties in
detail. Also, the relationship between the soft structure r(swo) and other existing soft structures [1] have
been investigated, supported by counter examples. It has been pointed out in this paper that many of
these parameters studied have, in fact, applications in real world situations and therefore I believe that

this is an extra justification for the work conducted in this paper.
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1 Introduction

Csar [16] introduced a generalized structure called generalized topology. Also, Csar [15, 17], intro-
duced and studied generalized operators. After then, Csar [18] has introduced a new notion of structures
called weak structure (briefly, WS). So that, every generalized topology [16] and every minimal structure
[32] is a WS. In 2007, Arpad Szaz [14] succeed to introduce an application on the minimal spaces and
generalized spaces. In [18], Csar defined some structures and operators under more general conditions,

which are investigated in detail in [34].

Molodtsov [33] initiated the concept of soft set theory as a new mathematical tool for dealing with
uncertainties. In 2011, Shabir et al. [35] initiated the study of soft topological spaces. In [23], Kandil
et. al. introduced some soft operations and investigated their related properties. Kandil et al. [30]
introduced the notion of soft semi separation axioms. The notion of soft ideal was initiated for the first
time by Kandil et al.[26]. They also introduced the concept of soft local function. These concepts are
discussed with a view to find new soft topologies from the original one, called soft topological spaces with

soft ideal. Applications to various fields were further investigated in [9, 24, 25, 27, 28, 29, 31].
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The notion of supra soft topological spaces was initiated for the first time by El-sheikh and Abd
El-latif [20]. They also introduced new different types of subsets of supra soft topological spaces and
study the relations between them in detail. The notion of b-open soft sets was initiated in [6, 19]. More
recent papers have studied related topological properties of supra soft topological spaces [2, 3, 4, 5, 7, 8,
10, 11, 12, 13]. The notion of soft generalized topological space was introduced by Jyothis et al. in [22],
which is generalized in [21] to notion of soft minimal spaces. In 2016, Zakari et al. [36] introduced the
concept of soft weak structure SW over a universe X with a fixed set of parameters F, which is extended
in [1].

Our aim of this paper, is to introduce the soft structure r(swo) and study its basic properties in
detail. Also, the relationship between the soft structure r(swo) and other existing soft structures [1] have

been investigated.

2 Preliminaries

In this section, we present the basic definitions and results of soft set theory which will be needed
in the sequel. For more detail see [1, 20, 35, 36, 37].

Definition 2.1. [35] Let T be a collection of soft sets over a universe X with a fized set of parameters
E, then 7 C SS(X)g is called a soft topology on X if

1. X, p €7, where $(e) = ¢ and X(e) = X, Ve € E,

2. the union of any number of soft sets in T belongs to T,

3. the intersection of any two soft sets in T belongs to T.
The triplet (X, 7, E) is called a soft topological space over X .

Definition 2.2. [37] The soft set (F,E) € SS(X)g is called a soft point in X if there exist x € X and
e € E such that F(e) = {z} and F(¢') = ¢ for each ¢’ € E — {e}, and the soft point (F, E) is denoted by

Te.

Definition 2.3. [37] The soft point x. is said to be belonging to the soft set (G, E), denoted by x.€(G, E),
if for the element e € E, x € G(e).

Definition 2.4. [21] Let i be a collection of soft sets over a universe X with a fized set of parameters

E, then m is called a soft minimal space if and only if X, »EMm.

Definition 2.5. [36] Let SW be a collection of soft sets over a universe X with a fized set of parameters
E, then SW is called a soft weak structure if and only if ¢ € SW. The members of SW are said to
be SW-open soft sets in X. A soft set (F,E) over X is said to be a SW-closed soft set, if its relative
complement (F, E)¢ is SW-open soft. We denote the set of all SW-open soft sets over X by swo(X) and
the set of all SW-closed soft sets by swe(X).
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Definition 2.6. [36] Let SW be a soft weak structure over X with a fized set of parameters E. Then,
the SW-soft interior of (G, E), denoted by i,(G,E) is the soft union of all SW-open soft subsets of
(G,E) i.e

isw(G,E) = O{(H,E) : (H,E) is SW — open soft set and (H, E)C(G, E)}.

Definition 2.7. [36] Let SW be a soft weak structure over X with a fized set of parameters E. Then, the
SW-soft closure of (F,E), denoted by cs,(F, E) is the soft intersection of all SW-closed soft supersets
of (F,E) i.e

csw(F,B) = {(H,E) : (H,E) is SW — closed soft set and (F, E)C(H, E)}.

Theorem 2.8. [36] Let SW be a soft weak structure over X with a fized set of parameters E and
(F,E),(G,FE) € SS(X)g. Then, the following statements hold.

1. i (F,E)C(F, E)Ccow(F, E).
2. Cow(Csw(FyE)) = cow(F, E) and isy(isw(F, E)) = isw(F, E).
3. If (F,E)C(G, E), then ig,(F, E)Ciw (G, E) and cey(F, B)Ccow(G, E).

4. cow(X — (B E)) =X —isw(F,E) and ig,(X — (F,E)) = X — csw(F, E).

Theorem 2.9. [1] Let SW be a soft weak structure over X with a fized set of parameters E and
(F\E),(G,E) € SS(X)g. Then, the following statements hold.

1. ze€csy(F, E) if and only if (G, E)N(F, E) # ¢ for every SW-open soft set (G, E)
and z.€(G, E).

2. xe€is(F, E) if and only if there exists a SW-open soft set (G, E) such that z.€(G, E)
E(F, ).

Theorem 2.10. [1] Let SW be a soft weak structure over X with a fized set of parameters E and
(F\E),(G,FE) € SS(X)g. Then:

1. i ((F, EYN(G, E))Cisw(F, B)Vigw (G, E).
2. Csw(F, E)Ucsw (G, E)Ceso ((F, E)J(G, E)).
3. dgw(F, B)Udsw (G, B)Cdsw ((F, E)U(G, E)).

Definition 2.11. [36] Let SW be a soft weak structure over X with a fixed set of parameters E and

(F,E) € SS(X)g. Then, (F,E) is called SW-soft dense if and only if cs(F, E) = X.

Theorem 2.12. [1] Let SW be a soft weak structure over X with a fixed set of parameters E and
(F,E) € SS(X)g. Then:

1. Z'sw(Csw(isw(csw(Fu E)))) = isw(csw(Fv E))

2. Csw(isw(csw(isw(Fv E)))) = Csw(isw(Fv E))
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Definition 2.13. [1] Let SW be a soft weak structure over X with a fized set of parameters E and
(F,E) € SS(X)g. Then:

1. (F,E) € n(swo) if and only if (F, E)Cisy(csw(F, E)) and (F, E) € m(swc) if and only if
Cow(isw(F, E))C(F, E).

2. (F,E) € a(swo) if and only if (F, E)Ccsyw(isw(F, E)) and (F, E) € a(swc) if and only if
isw(cow(F, E))S(F, E).

3. (F,E) € a(swo) if and only if (F,E)Cisw(csw(isw(F, E))) and (F,E) € a(swc) if and only if
Csw(isw(Csw(F, E)))S(F, E).

4. (F,E) € B(swo) if and only if (F,E)Ccew(isw(csw(F, E))) and (F,E) € B(swc) if and only if
isw(Csw(isw(F, E)))C(F, E).

5. (F,E) € p(swo) if and only if (F, E)Tisw(csw(F, E))Ucsw(isw(F, E)) and (F,E) € p(swc) if and
only if isw(csw(F, E)Nesw (isw(F, E)C(F, E).

3 Characterizations of The Soft Structure r(swo)

In this section, we introduce and study properties of the soft structure r(swo) in detail. Further-
more, the relationship between the soft structure r(swo) and other existing soft structures [1] have been

investigated.

Definition 3.1. Let SW be a soft weak structure over X with a fixed set of parameters E and (F,E) €
SS(X)g. Then, (F,E) € r(swo) if and only if (F,E) = isy(csw(F, E)) and (F,E) € r(swc) if and only
if (F,E) = csyl(isw(F,E)).

Theorem 3.2. Let SW be any soft weak structure on X and (F,E) € SS(X)g. Then, (F,E) € r(swo)
if and only if (F, E) € a(swo) and (F, E)¢ € B(swo).

Proof. Necessity: Let (F, E) € r(swo). Then, (F,E) = igy(csw(F,E)) from Definition 2.13. Hence,
isw(FyE) = isw(isw(csw(F, E))) = zsw(csw( E)) = (F,E) from Theorem 2.8 (2). Hence, (F, F) =
isw(Fy E) = igu(isw(F, E))Cigw (Csw(isw (F, E))). Thus, (F, E) € a(swo). On the other hand, (F, E)¢ =
[ (Cow (F, B = csu(isw(F, E)?) e (Csw(F E)%)). Thus, (F, E)® € B(swo).

Sufficient:Let (F, E) € a(swo) and (F. E) € B(swo) for any (F, E) € SS(X)g. Then, (F,E) € B(swc).
It follows, 4 su(Cow(isw(Fy E)))C(F, B)Cisy(Cow(isw(F, E))), and hence (F,E) = isp(Csw(isw(F,E))).
Thus, isw(Csw(Fy E)) = isw(Csw(isw(Csw(isw(Fy E))))) = isw(Cswlisw(F,E))) = (F,E) from Theorem
2.12 (2). Therefore, (F, E) € r(swo). O

Theorem 3.3. Let SW be any soft weak structure on X and (F,E) € SS(X)g. Then, (F,E) € r(swo)
if and only if (F, E) € m(swo) and (F, E)¢ € o(swo).
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Proof. Necessity: Follows directly from Definition 2.13.

Sufficient:Let (F, E) € 7(swo) and (F, E)¢ € o(swo) for any (F,E) € SS(X)g. Then, (F,E) €
o(swe). Tt follows, igy (Cow(F, E))C(F, B)Cigy(csw(F, E)), and hence (F, E) = igy(cow(F, E)). Thus,
(F,E) € r(swo). O

Theorem 3.4. Let SW be any soft weak structure on X and (F,E) € SS(X)g. Then, (F,E) € m(swo)
if and only if there exists (G, E) € r(swo) such that (F,E)C(G, E) and csy(F, FE) = cs, (G, E).

Proof. Necessity: Let (F,E) € m(swo). Then, (F,E)Cisy(csw(F, E)). Put (G,E) = isw(csw(F,E)),
then (F, E)C(G, E) and cqy (F, E)C sy (G, E) from Theorem 2.8 (3). But, csu (G, E) = couw(isw(csw(F, E)))
Ceow(F, E). Thus, cew(F,E) = csw(G, E). Also, we have igy(csw (G, E)) = isw(Cow(isw(Csw(F, E)))) =
isw(csw(F, E)) = (G, E) from Theorem 2.12 (1). Therefore, (G, E) € r(swo).

Sufficient:Let (F, E)C(G, E) and cg(F, E) = csu(G, E) for some (G,E) € r(swo), it follows
that gy (Cow(F, E)) = isw(csw(G, E)) = (G, E). Hence, (F,E)C(G,E) = isw(csw(F,E)), and hence
(F,E) € m(swo). O

Theorem 3.5. Let SW be any soft weak structure on X and (F,E) € SS(X)g. If (F,E) € w(swo),
then (F,E) = (G, E)N(H, E) for some (G, E) € r(swo) and (H, E) is SW-soft dense set.

Proof. Let (F,E) € w(swo). By Theorem 3.4, there exists (G, E) € r(swo) such that (F, E)C(G, E) and
Cow(F, E) = ¢4 (G, E). Take (H,E) = (F, E)J(G, E)°. Then, X = (G, E)U(G, E)°Ccew (G, E)Ucsw (G, E)°) =
csw(F, E)Ucsw (G, E))Cesw[(F, B)J(G, E)?] = csw(H, E) from Theorem 2.10 (2). But, ¢, (H,

E)C
follows that, cs (H, E) = X. Thus, (H, F) is SW-soft dense set. Moreover, (F, E) = (G, E)N\(H,E). O
Remark 3.6. The converse of Theorem 3.5 is not true in general as shown in the following example.

Example 3.7. Suppose that there are three alternatives in the universe of cars X = {c1,c2,c3} and
consider E = {e1,ea} be the set of decision parameters which are stands for ”Motor” and ”color” respec-
tively. Let SW = {p, (F1, E), (I, E), (F3, E), (Fy, E)}, where (F1, E), (Fy, E), (F3, F),

(Fy, E) are four soft sets over X representing the attractiveness of the cars which Mr. A and Mr. B are
going to buy defined as follows:

Fi(er) ={ai},  File2) = {2},

Fy(er) ={c1, 2}, (e2) = {c1, c2},

Fs(e1) = {c2, cs}, (e2) = {c1,cs},

Fy(e1) = {c1,c3}, (e2) ={e1, 02}

Consider the soft sets (M, E), (N, E), where:

M(e1) = {c2, cs}, (e2) ={c1, s},

N(er) ={cr, 2}, M(ea) = {2, c5},

we have (M, E) € r(swo) and (M, E) is SW-soft dense set. But, (M, E)N(N,E) = (O, E) € w(swo),
where:

O(e1) ={c2}, Ofe2) = {cs}.
Theorem 3.8. Let SW be a soft weak structure on X and (F,E) € SS(X)g. Then, the following

properties are equivalent:

5
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1. (F,E) € p(swo),
2. There exists (G, E) € (swo) such that (G, E)Cceyw(F, E)Ccsw(G, E),
3. csw(F, E) € r(swc).

Proof. (1) = (2). Let (F, E) € B3(swo). Then, (F, E)C sy (isw(csw(F, E))). Put (G, E) = isw(csw(F, E)).
It follows that, (F, E)Ccsy (G, E), (G, E)Ccsw(F, E)Ccew(G, E) and (G, E) = iy (csw(F, E))Cisw(cow (G, E))
from Theorem 2.8 (3). Hence, (G, E) € w(swo).

(2) = (3). Let (G, E) € m(swo) such that (G, E)Ccew(F, E)Ccsw (G, E). Then, (G, E)Cigw(Cow
(G, E)) and (G, E)C s (isw(Cow(Gy E)))C (i (Csw (F, E)))Cesw (G, E) from (2) and Theorem 2.8
(2). S0, Cow(isw(Csw(F, E))) = csu(G, E). Since (G, E)Ccsw(F, E), csuw(G, E)Ccow(Cow
(F,E)) = csw(F, E)Ccsw(G, E) from Theorem 2.8 (2). This means that, c., (G, E) = cs(F, E), and
hence sy (isw(Csw(FL E))) = csuw(G, E) = csw(F, E). Thus, csy(F, E) € r(swc).

(3) = (1). Let ce(F, E) € r(swe). Then, (F, E)Ccaw(F, E) = csw(isw(csw(F, E))). Hence, (F,E) €
B(swo).
O

Theorem 3.9. Let SW be a soft weak structure on X. If (F, EYC(G, E)Ccsy(F, E) and (F, E) € B(swo),
then (G, E) € B(swo).

Proof. Let (F,E)C(G, E)Ccqw(F,E) and (F,E) € B(swo). Then, (F, E)Ccey(isw(csw(F, F))). Since
(G, E)Ccsuw(F, E), (G, E)Ccsw(F, E)Ccsw(isw(Csw(F, E)))Ccow(isw(csw (G, F))) from Theorem 2.8 (3).
Therefore, (G, E) € ((swo). O

Definition 3.10. [1] A soft set (F, E) in a soft weak structure SW is said to be a SW-clopen soft if and
only if it is both SW-open soft and SWW-closed soft.

Theorem 3.11. [1] Let SW be any soft weak structure on X and (F,E) € SS(X)g. If (F,E) is
SW-clopen soft set, then (F, E) € a(swo) and (F, E)® € 7(swo).

Theorem 3.12. Let SW be a soft weak structure on X and (F,E),(G,E) € SS(X)g. Then, the

following properties are hold:
1. If (F,E) is SW-clopen soft, then (F, E) € r(swo) and (F,E) € r(swc).
2. (F,E) € B(swo) if and only if csw(F, E) = csw(isw(csw(F, E))) if and only if csw(F, E) € f(swo).
3. (F,E) € o(swo) if and only if csw(F, E) = cep(isw(F, E)).
4. If (F, E) is SW-clopen soft, then (F, E) € a(swo) and (F, E)¢ € a(swo).

5. (F,E) € r(swo) if and only if (F, E)¢ € r(swo).
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Proof. 1. Follows from the fact that, if (F, E) is SW-open (resp. closed) soft, then iz, (F, E) = (F, E)
(resp. cow(F, E) = (F, E)).

2. Follows directly from Definition 2.13 (4).

3. (F,E) € a(swo) if and only if (F, E)Ccy(isw(F, E)) if and only if cep(F, E)C s (isw (F, E))C
csw(F, E) if and only if cs (F, E) = o (isw(F, E)).

4. Tt is similar to the proof of (1).

5. Clear from Definition 3.1.
O

Remark 3.13. Theorem 3.12 (1) is a a generalization of Theorem 3.11. Also, the following example

shows that, the converse of Theorem 3.12 (4) is not true in general.

Example 3.14. Suppose that there are four alternatives in the universe of phones X = {p1,p2,p3,p4}
and consider E = {e1,es} be the set of decision parameters which are stands for ”android” and ”expen-
sive” respectively. Let SW = {@, (F1, E), (Fy, E), (F3, E), (Fu, E), (Fs, E),

(Fs, E)}, where (F1, E), (Fa, E), (Fs, E), (Fu, E), (F5, E), (Fs, E) are siz soft sets over X representing the
attractiveness of the phones which Mr. X and Mr. Y are going to buy defined as follows:

Fi(e1) = {ps}, Fi(e2) = o,

Fyler) ={p}, Fa(e2) ={ps},
Fs(er) = {p1,p2}, File2) = {p1,p2},
Fy(er) = {pa}, Fulez) = {p4}

Fs(e1) = {p1,p2}, Fs(e2) =
Fs(e1) = {p2,p3}, Fole2) = {Pzapa}'

Then, the soft set (G,E) € a(swo) and (G,E)® € a(swo). But, (G,E) ¢ SW, where: G(e;) =
{p1,p2, s}, M(e2) = X.

Remark 3.15. If (F,E) € o(swo), then it doesnt imply that iz, (F,E) # @. The following example

supports our claim.

Example 3.16. Suppose that there are four alternatives in the universe of jobs X = {j1, jo, j3,ja} and
consider E = {e1,ea} be the set of decision parameters which are stands for "salary” and "position” re-
spectively. Let SW = {@, (F1, E), (I, E), (F3,E), (Fu, E), (Fs, E)}, where (Fy, E), (F», E), (Fs, E), (Fy, E),
(Fs, E) are five soft sets over X representing the attractiveness of the jobs which Mr. X and Mr. Y are
going to buy defined as follows:
Fi(er) = {j1,j2},  File2) = {1, 42},

Fyler) ={n}, Falez) = {js},
(e1) = {j1,J2}, Fi(e2) = o,
(e1) ={j1.j2:ds},  Falea) = {1, 72,43},
(e1) =

3
Iy
F; {j2,73},  Fs(e2) = {Jj2, 73}

€1
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Then, the soft set (T, E) € o(swo), but isy (T, E) = ¢, where:
T(er) ={ja}, Tle2) =

Theorem 3.17. If X € SW. Then, isw(F, E) # ¢ for every (F,E) € o(swo). The following example

supports our claim.

Proof. Let ¢ # (F,E) € o(swo). By Definition 2.13 (2), (F, E)Ccsw(isw(F, E)). If ig(F, E) = ¢,
then ¢y (isw(F, E)) = ¢, where X € SW. Thus, (F,E) = ¢, which is a contradiction. Therefore,
isw(F,E) = . O

Remark 3.18. Fzamples 3.9 of [1], show that the equality will not hold in Theorem 2.10. The following
theorem shows that equality holds, if SW is closed under finite soft intersection.

Theorem 3.19. Let SW be a soft weak structure over X with a fized set of parameters E such that SW
is closed under finite soft intersection and (F,E),(G,E) € SS(X)g. Then, the the following statements
hold.

1. ¢sw(F, B)Ues (G, E) = s ((F, E)J(G, E)).

2. isw((F, E)A(G, E)) = i g0 (F, E)Nisw(G, E).

3. dyw(F, B)Odgy (G, E) = dgw((F, E)J(G, E)).

4. (G, B)Acow(F, B)Cco|(F, E)N(G, E)] for every (G, E) € SW.

5. cowl(G, B)csw(F, E)] = cou[(G, E)A(F, E)] for every (G, E) € SW.

6. couw(G, E) = csu|(G, E)A(F, E)] for every (G, E) € SW and (F,E) is SW-soft dense set.

Proof. 1. By Theorem 2.10 (2), csw(F, E)Ucqw (G, E)Ccsw((F, E)J(G, E)). For the other inclusion,
assume that xeécsw (F, E)Jce (G, E). Tt follows that, xeécsw (F, F) and xeécsw(G, E). By Theorem
2.9 (1), there exist SW-open soft sets (4, E), (B, E) containing z. such that (G, E)N(4, E) = ¢ and
(F,E)A(B,E) = ¢. Now, z.&(A, E)A(B,E) € SW. Hence, [(A, E)A(B, E)A[(F, E)J(G, E)]=
(A, EYA(B, E)A(F, E)OI(A, E)YA(B, E)AG, E)] CI(B, E)YA(F, E)JOI(A, EYA(G, E)] = ¢. Thus,
Tebcsw((F, E)J(G, E)). Therefore, cop(F, E)Jcsw(G, E) e ((F, E)J(G, E)) and so
Csw(F, E)Jcsw (G, E) = csu((F, B)U(G, E)).

2. Follows from (1).
3. By a similar argument of (1).

4. Let z.€(G, E)Ncsy(F, E) and (G, E) € SW. Then, z.€(G, E) and z.€c,,(F, F). By Theorem 2.9
(1), (F,E)N(H, E) # ¢ for every SW-open soft set (H, E) containing z.. Since z.€(G, E)N(H, E) €
SW and so ((G, E)N\(H, E))N(F, E) = (H, E)N[(G, E)N\(F, F)]

# ¢. Hence, x.€cqy[(F, E)N(G, E)]. Therefore, (G, E)Ncsw(F, E)Ccs|(F, EYN (G, E)].
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From (4), (G, E)Ncew(F, B)Cesw[(F, E)A(G, E)] for every (G, E) € SW, and hence
csw((G, E)Nesw (F, E)|Cegw|(F, E)N(G, E)] from Theorem 2.8 (3). On the other hand,

(G, E)N(F, E)C(G, E)Ncsw(F, E)Cesw (G, B)Ncow(F, E)] and so csw[(G, E)NV(F, E)|Cea
(G, E)Ncsyw (F, E)] from Theorem 2.8 (3). Therefore, csy, [(G, E)Ncsy (F, E)] = csw[(G, E)N
(F,E)).

. Follows from (5).

Conclusion

The concept of of soft weak structures was first introduced by Zakari et al.[36] in 2016 as a gener-

alization to soft topological spaces [35], supra soft topological spaces [20] and soft minimal spaces [21].

In [1], the deviations between soft weak structure and that in soft topological spaces and supra soft

topological spaces have been investigated by Abd El-laif. Also, new soft structures, as a generalizations

to thats in [18, 20, 23, 34] are introduced and their properties are investigated.
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