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Abstract In the present paper, we continue the study on fuzzy soft topological spaces and investigate
the properties of fuzzy semi open (closed) soft sets, fuzzy semi soft interior (closure), fuzzy semi continuous
(open) soft functions and fuzzy semi separation axioms which are important for further research on fuzzy
soft topology. In particular we study the relationship between fuzzy semi soft interior fuzzy semi soft
closure. Moreover, we study the properties of fuzzy soft semi regular spaces and fuzzy soft semi normal
spaces. This paper, not only can form the theoretical basis for further applications of topology on soft

sets, but also lead to the development of information systems.
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1 Introduction

The concept of soft sets was first introduced by Molodtsov [20] in 1999 as a general mathematical tool
for dealing with uncertain objects. In [20, 2], Molodtsov successfully applied the soft theory in several
directions, such as smoothness of functions, game theory, operations research, Riemann integration,
Perron integration, probability, theory of measurement, and so on. After presentation of the operations
of soft sets [I8], the properties and applications of soft set theory have been studied increasingly [Bl, 4] 21].
Xiao et al.[30] and Pei and Miao [24] discussed the relationship between soft sets and information systems.
They showed that soft sets are a class of special information systems. In recent years, many interesting
applications of soft set theory have been expanded by embedding the ideas of fuzzy sets |3}, El 6, 8, 16, [T,
(IR, M9, 27, 22, B3]. To develop soft set theory, the operations of the soft sets are redefined and a uni-int
decision making method was constructed by using these new operations [9].

Recently, in 2011, Shabir and Naz [27] initiated the study of soft topological spaces. They defined
soft topology as a collection 7 of soft sets over X. Consequently, they defined basic notions of soft
topological spaces such as open soft and closed soft sets, soft subspace, soft closure, soft nbd of a point,

soft separation axioms, soft regular spaces and soft normal spaces and established their several properties.
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Min in [29] investigate some properties of these soft separation axioms. Kandil et al. [I3] introduce the
notion of soft semi separation axioms. In particular they study the properties of the soft semi regular
spaces and soft semi normal spaces. Maji et. al. [I6] initiated the study involving both fuzzy sets and
soft sets. In [7] the notion of fuzzy soft set was introduced as a fuzzy generalization of soft sets and
some basic properties of fuzzy soft sets are discussed in detail. Then many scientists such as X. Yang et.
al. 31, improved the concept of fuzziness of soft sets. In [I], Karal and Ahmed defined the notion of a
mapping on classes of fuzzy soft sets, which is fundamental important in fuzzy soft set theory, to improve
this work and they studied properties of fuzzy soft images and fuzzy soft inverse image s of fuzzy soft
sets. Chang [I0] introduced the concept of fuzzy topology on a set X by axiomatizing a collection ¥ of
fuzzy subsets of X. Tanay et.al. [28] introduced the definition of fuzzy soft topology over a subset of the
initial universe set while Roy and Samanta [26] gave the definition f fuzzy soft topology over the initial
universe set.

In the present paper, we introduce some new concepts in fuzzy soft topological spaces such as fuzzy
semi open soft sets, fuzzy semi closed soft sets, fuzzy semi soft interior, fuzzy semi soft closure and fuzzy
semi separation axioms. In particular, we study the relationship between fuzzy semi soft interior and
fuzzy semi soft closure. Also, we study the properties of fuzzy soft semi regular spaces and fuzzy soft
semi normal spaces. Moreover, we show that if every fuzzy soft point f. is fuzzy semi closed soft set in a
fuzzy soft topological space (X, T, E), then (X, T, E) is fuzzy soft semi T~ (resp. T»-) space. This paper,
not only can form the theoretical basis for further applications of topology on soft sets, but also lead to

the development of information systems.

2 Preliminaries

In this section, we present the basic definitions and results of soft set theory which will be needed

in the sequel.

Definition 2.1. [39] A fuzzy set A in a non-empty set X is characterized by a membership function
pa: X — [0,1] = I whose valuepa(x) represents the "degree of membership” of x in A for x € X.

Let IX denotes the family of all fuzzy sets on X. If A, B € IX, then some basic set operations for fuzzy
sets are given by Zadeh [39], as follows:

(1) ASB & pa(r) < pp(@)vVaeeX.

(2) A=B & pa(z) = pp(r) Vo e X.

(38) C=AVB < pc(x)=pa(z)Vus(@) Ve eX.
(4) D=AAB < pp(z)=pa(@) App(z) Ve eX.
(5) M= A & un(z)=1—pa(z)VaeeX.

Definition 2.2. [16] Let A C E. A pair (f, A), denoted by fa, is called a fuzzy soft set over X , where
f is a mapping given by f : A — IX defined by fa(e) = K, where p%, = 0ifed A and K, 7 0ifec A
where 0(e) =0V z € X. The family of all these fuzzy soft sets over X denoted by FSS(X)a.

Proposition 2.1. [/ Every fuzzy set may be considered a soft set.
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Definition 2.3. [23] The complement of a fuzzy soft set (f, A), denoted by (f, A), is defined by (f, A) =
(f',A), fi4: E — I* is a mapping given by M?A =1- n§, Ve € A where I(e) =1V z e X. Clearly
(f4) = fa.

Definition 2.4. [T8] A fuzzy soft set fa over X is said to be a NULL fuzzy soft set, denoted by 04, if
foralle € A, fa(e) =0.

Definition 2.5. [T8] A fuzzy soft set fa over X is said to be an absolute fuzzy soft set, denoted by 14,
if for all e € A, fa(e) =1. Clearly we have (14) =04 and (04) = 14.

Definition 2.6. [Z3] Let fa, gp € FSS(X)g. Then fa is fuzzy soft subset of gp, denoted by fa C gp,
if AC B and pu§, Cug, Ve€A, e ug, (z) <pj,(v)VeeXandVee A

Definition 2.7. [28]. The union of two fuzzy soft sets fa and gp over the common universe X is also
a fuzzy soft set ho, where C = AU B and for all e € C,
ho(e) = pj, = p%, V pg, Ve € C. Here we write he = faU gp.

Definition 2.8. [Z7]. The intersection of two fuzzy soft sets fa and gg over the common universe X is
also a fuzzy soft set he, where C' = AN B and for all e € C,
ho(e) = B, = K5, N Hg, Ve € C. Here we write ho = faT gp.

Theorem 2.1. [3]. Let {(f,A);:j€ J} C FSS(X)g. Then the following statements hold,
(1) Wies (£, A)) = Njes (f, A)j,
(2) [Mjes (£, A)) = Ujes (f, A

Definition 2.9. [24]. Let ¥ be a collection of fuzzy soft sets over a universe X with a fived set of
parameters E, then T is called a fuzzy soft topology on X if

(1) 1g,0p € T, where Op(e) =0 and 1p(e) =1, Ve € E,
(2) The union of any members of T, belongs to ¥,
(38) The intersection of any two members of X, belongs to T.

The triplet (X, %, F) is called a fuzzy soft topological space over X. Also, each member of T is called a
fuzzy open soft in (X, %, E). We denote the set of all fuzzy open soft sets by FOS(X, %, E), or FOS(X).

Definition 2.10. [Z5] Let (X, T, E) be a fuzzy soft topological space. A fuzzy soft set fa over X is said
to be fuzzy closed soft set in X, if its relative complement f'y is fuzzy open soft set. We denote the set of
all fuzzy closed soft sets by FCS(X,%,E), or FCS(X).

Definition 2.11. [Z3] Let (X, %, E) be a fuzzy soft topological space and fa € FSS(X)g. The fuzzy soft
closure of fa, denoted by Fel(fa) is the intersection of all fuzzy closed soft super sets of fa. i.c.,
Fel(fa) =™ hp : hp is fuzzy closed soft set and fo C hp}.

The fuzzy soft interior of gp, denoted by Fint(gp) is the fuzzy soft union of all fuzzy open soft subsets
of gp.i.e.,

Fint(gp) = UW{hp : hp is fuzzy open soft set and hp C gp}.
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Definition 2.12. [15] The fuzzy soft set fa € FSS(X)g is called fuzzy soft point if there exist x € X
and e € E such that p§, (r) = a (0 < a < 1) and p$,(y) =0 for each y € X — {x}, and this fuzzy soft

point is denoted by x¢, or fe.

Definition 2.13. [13] The fuzzy soft point x¢, is said to be belonging to the fuzzy soft set (g, A), denoted
by x5, €(g, A), if for the element e € A, a < 5, ().

Theorem 2.2. [T5] Let (X, %, E) be a fuzzy soft topological space and f. be a fuzzy soft point. Then the
following properties hold:

(1) If fe€ga, then feddy;
(2) f.€ga » [1Ed4;

(3) Every non-null fuzzy soft set fa can be expressed as the union of all the fuzzy soft points belonging
to fa.

Definition 2.14. [T3] A fuzzy soft set gg in a fuzzy soft topological space (X, %, E) is called a fuzzy soft
neighborhood of the fuzzy soft point x€¢, if there exists a fuzzy open soft set ho such that x¢€hc C gp.
A fuzzy soft set gp in a fuzzy soft topological space (X, %, E) is called a fuzzy soft neighborhood of the
soft set fa if there exists a fuzzy open soft set he such that fa C he C gg. The fuzzy soft neighborhood
system of the fuzzy soft point x¢,, denoted by Nz (z%), is the family of all its fuzzy soft neighborhoods.

Definition 2.15. [T3] Let (X, %, E) be a fuzzy soft topological space andY C X. Let hY, be a fuzzy soft
set over (Y, E) such that hy; : E — I such that hy(e) = pf, ,
E
1, zeY,
v (2) =
s 0, z¢Y.
Let Ty = {h¥Y MNgp : g € T}, then the fuzzy soft topology Ty on (Y, E)is called fuzzy soft subspace
topology for (Y, E) and (Y, %y, E) is called fuzzy soft subspace of (X,%,E). If hY, € T (resp. h} € Tl),
then (Y, %y, E) is called fuzzy open (resp. closed) soft subspace of (X, %, E).

Definition 2.16. [Z3] Let FSS(X)p and FSS(Y)k be families of fuzzy soft sets over X and Y, respec-
tively. Letu: X — Y andp: E — K be mappings. Then the map fp, is called a fuzzy soft mapping
from X toY and denoted by fp, : FSS(X)g — FSS(Y)k such that,

(1) If fa € FSS(X)g. Then the image of fa under the fuzzy soft mapping fp. is the fuzzy soft set over
Y defined by fpu(fa), whereVk € p(E), VyeY,

Vu(z):y [vp(e):k(fA(e))](‘T) Zf T e u_l(y)7

0 otherwise.

fou(F2)(R)(y) =

(2) If g € FSS(Y )k, then the pre-image of gp under the fuzzy soft mapping fpu is the fuzzy soft set
over X defined by f;}(gB), where Ve €p Y(K), VreX,

98(p(e))(u(x)) forple) € B,

0 otherwise.

fou (gB)(e)(2) =

The fuzzy soft mapping fpu is called surjective (resp. injective) if p and u are surjective (resp. injective),

also it is said to be constant if p and u are constant.
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Definition 2.17. [23] Let (X,%1,E) and (Y,%2,K) be two fuzzy soft topological spaces and fpy :
FSS(X)g — FSS(Y)k be a fuzzy soft mapping. Then fy, is called

(1) Fuzzy continuous soft if f,,'(g) € T1V (9B) € Ta.
(2) Fuzzy open soft if fpu(ga) € T2V (ga) € %1

Theorem 2.3. [1] Let FSS(X)g and FSS(Y)k be two families of fuzzy soft sets. For the fuzzy soft
function fpy : FSS(X)g — FSS(Y)k, the following statements hold,

(@) fou ((9:B)) = (fpl (9. B))'Y (9,B) € FSS(Y )k

(b) foulfpu' ((9,B))) E (9,B)Y (9, B) € FSS(Y ). If fpu is surjective, then the equality holds.

(©) (f,A) T [l (fou((f; D)V (f, A) € FSS(X)g. If fpu is injective, then the equality holds.

(d) fou(0g) = Ok, fou(le) T 1x. If fou is surjective, then the equality holds.

(€) frl(lx) =1g and f,,}(0k) = Op.

() 1f (f, A) E (9, 4), then fpu(f, A) E frulg, A).

(8) If (f,B) E (9, B), then f,.'(f.B) C f,./(9,B) ¥V (f,B), (9. B) € FSS(Y)x.

(h) fr.Ujes(f,B)j) = Ujes o (s B)j and f,./(Mjes(f, B)j) = Njes f (f; B)j; ¥ (f, B)j € FSS(Y )k

(D foulUjes(f, A)j) = Uierfou(fs A)j and fou(Mjes (f; A)j) C Njes fpu(f, A); ¥ (f, A); € FSS(X)p. If
fpu 1s injective, then the equality holds.

Definition 2.18. [19] Let (X, 7, E) be a soft topological space and Fa € SS(X)g. If FaCcl(int(Fa)),
then Fa is called semi open soft set. We denote the set of all semi open soft sets by SOS(X, T, E), or
SOS(X) and the set of all semi closed soft sets by SCS(X, T, E), or SCS(X).

3 Fuzzy semi open (closed) soft sets

Various generalizations of closed and open soft sets in soft topological spaces were studied by Kandil
et al. [T2], but for fuzzy soft topological spaces such generalization have not been studied so far. In this
section, we move one step forward to introduce fuzzy semi open and fuzzy semi closed soft sets and study

various properties and notions related to these structures.

Definition 3.1. Let (X, %, E) be a fuzzy soft topological space and fa € FSS(X)g. If fa E Fcl(Fint(fa)),
then fa is called fuzzy semi open soft set. We denote the set of all fuzzy semi open soft sets by
FSOS(X,%,E), or FSOS(X) and the set of all fuzzy semi closed soft sets by FSCS(X,%, E), or
FSCS(X).

Theorem 3.1. Let (X,%, E) be a fuzzy soft topological space and fo € FSOS(X).Then
(1) Arbitrary fuzzy soft union of fuzzy semi open soft sets is fuzzy semi open soft.

(2) Arbitrary fuzzy soft intersection of fuzzy semi closed soft sets is fuzzy semi closed soft.

Proof.
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(1) Let {(f,A); : j € J} C FSOS(X). Then V j € J, (f,A); C Fel(Fint((f,A);)). It follows
that, U;(f,A); C U;j(Fel(Fint((f,A);))) = Fel(UjFint(f,A);) T Fcl(Fint(U;(f, A);). Hence,
Uj(f,A)j S FSOS(X) V] e J.

(2) By a similar way.
Theorem 3.2. Let (X,%, E) be a fuzzy soft topological space and fo € FSS(X)g. Then:
(1) fa € FSOS(X) if and only if Fel(fa) = Fcl(Fint(fa)).
(2) If gg € X, then gg M Fel(fa) E Fel(gp MygB)-
Proof. Immediate.
Theorem 3.3. Let (X, T, E) be a fuzzy soft topological space and fa € FSS(X)g. Then:
(1) fa € FSOS(X) if and only if there exists gg € T such that gg C fa C Fel(gp).
(2) If fa e FSOS(X) and fao & hp T Fcl(fa), then hp € FSOS(X).
Proof.

(1) Let f4 € FSOS(X). Then fa C Fel(Fint(fa)). Take g = Fint(fa) € . So, we have gg C f4 C
Fel(gp). Sufficiency, let gg C fa C Fel(gp) for some gp € T. Then gg C Fint(fa). It follows that,
Fel(gg) C Fel(Fint(fa)). Thus, fa E Fel(gg) C Fel(Fint(fa)). Therefore, f4 € FSOS(X).

(2) Let fa € FSOS(X). Then gp C fa C Fecl(gp) for some gp € . Tt follows that, gg = fa = hp.
Thus, g C hp C Fel(fa) C Fel(gp). Hence, g5 C hp T Fel(gp) for some gg € T. Therefore,
hp € FSOS(X) by (1).

Definition 3.2. Let (X, %, E) be a fuzzy soft topological space, fa € FSS(X)g and fe€FSS(X)g. Then

(1) fe is called fuzzy semi interior soft point of fa if 3 gp € FSOS(X) such that fe€gp T fa. The set
of all fuzzy semi interior soft points of fa is called the fuzzy semi soft interior of fa and is denoted
by FSint(fa) consequently, FSint(fa) ={gp : 95 C fa, gp € FSOS(X)}.

(2) f. is called fuzzy semi cluster soft point of fa if fa M he # O0p ¥ hp € FSOS(X). The set of all
fuzzy semi cluster soft points of fa is called fuzzy semi soft closure of fa and denoted by FScl(fa).
Consequently, FScl(fa) =M{hp : hp € FSCS(X), faC hp}.

Theorem 3.4. Let (X, %, E) be a fuzzy soft topological space and fa,gp € FSS(X)g. Then the following
properties are satisfied for the fuzzy semi interior operator, denoted by F.Sint.

(1) FSint(ip) =1p and FSint(0g)) = 0p.

(2) FSint(fa) E (fa)-

(8) FSint(fa) is the largest fuzzy semi open soft set contained in fa.
(4) If fo C gp, then FSint(f4) C FSint(gp).

(5) FSint(FSint(fa)) = FSint(fa).
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(6) FSint(fa)U FSint(gp) E FSint[(fa)U (95)]
(7) FSint[(f4)1 (95)] C FSint(fa) 1 FSint(gs).
Proof. Obvious.

Theorem 3.5. Let (X, %, E) be a fuzzy soft topological space and fa,gp € F'SS(X)g. Then the following

properties are satisfied for the fuzzy semi closure operator, denoted by FScl.
(1) FScl(1g) = 1g and FScl(0g) = Og.
(2) (fa) E FScl(fa).
(3) FScl(fa) is the smallest fuzzy semi closed soft set contains fa.
(4) If fa E gB, then FScl(fa) E FScl(gp).
(5) FSc(FScl(fa)) = FScl(fa).
(6) FScl(fa)UFScl(gp) E FScl[(fa) U (g98)]-
(7) FSA[(f4) N (g5)] € FScl(f4) N FScl(gp).
Proof. Immediate.

Lemma 3.1. Every fuzzy open (resp. closed) soft set in a fuzzy soft topological space (X, %, E) is fuzzy

semi open (resp. closed) soft.

Proof. Let f4 € FOS(X). Then Fint(fa) = fa. Since fa T Fcl(fa), then fa T Fel(Fint(fa)).
Thus, fa € FSOS(X).

Remark 3.1. The converse of LemmalZ1 is not true in general as shown in the following example.

Example 3.1. Let X = {a,b,c}, E = {e1,ea,e3} and A, B,C,D C E where A = {e1,e2}, B ={ea,e3},
C ={e1,es} and D = {es}. LetT = {15,05, fia, foB, f3D, fan, f58, fep} where fia, fa, f3p, fan, f5B, fop
are fuzzy soft sets over X defined as follows:

1%, ={a0s,b0.75, co.at, pf, = {ao.3, bos, cor},

1, =1ao0.4,bo6, cos}, u5, = {a0.2,b0.4,co.a5},

1, ={aos:bos; cos},

1 = {a0.5,b0.75, co.a}t, pf, = {ao.4,bos,cort, pf,, ={ao2, boa,coas},

pe, ={ao.a,bos,cort, pyl, = {ao2,boa, coas},

1, ={aos,bos,cor}-

Then ¥ defines a fuzzy soft topology on X. Then, the fuzzy soft set kg where:

iy, = {@0.4,00.3, co.2}, pui2 = {ao.6,bo.9, co.r}s p1%, = {ao.2,b0.3,co.1}-

is fuzzy semi open soft set of (X, %, E), but it is not fuzzy open soft.

Theorem 3.6. Let (X,%, F) be a fuzzy soft topological space and fa € FSS(X). Then:
(1) FSint(fy) =1 [PScl(fa).

(2) FScl(fy) =1 - [FSint(fa).
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Proof.

(1) Since FScl(fa) = M{hp : hp € FSCS(X), fa C hp}. Then 1 — FScl(fa) = U{h}, : h) €
FSOS(X), by, C f,} = FSint(f}).

(2) By a similar way.

Theorem 3.7. Let (X,%, F) be a fuzzy soft topological space and fa,gp € FSS(X)g. If either fa €
FSOS(X) or gg € FSOS(X). Then, Fint(Fcl(faMgg)) = Fint(Fcl(fa)) N Fint(Fel(fa)).

Proof. Let fa,gp € FSS(X)g. Then we generally have Fint(Fcl(faMgg)) C Fint(Fcl(fa)) N
Fint(Fcl(fa)). Suppose that f4 € FSOS(X). Then Fel(fa) = Fel(Fint(fa)) from Theorem B2 (1).
Therefore,

Fint(Fel(fa)) M Fint(Fel(gp)) C Fint[Fel(fa) N Fint(Fel(gp))]
= Fint[Fcl(Fint(fa)) N Fint(Fel(gp)))

C Fint(Fcl[Fint(fa) N Fint(Fcl(gp))])

C Fint(Fc(Fint[Fint(fa) 1 Fcl(gp)]))

C Fint(Fcl(Fint(Fcl[Fint(fa) M (g8)])))

C Fint(Fel(Fint(Fel[(fa) M (98)])))

C Fint(Fel[(fa) M (98)])

from Theorem B2 (2). If gp € FSOS(X), the proof is similar. This completes The proof.

Theorem 3.8. Let (X, T, E) be a fuzzy soft topological space, fo € FOS(X) and gg € FSOS(X). Then
faNgp € FSOS(X)

Proof. Let f4 € FOS(X) and gp € FSOS(X). Then faMgp T Fint(fa) N Fcl(Fint(gp)) =
Fel(Fint(fa)MFint(gp)) = Fel(Fint((fa)M(gp))) from Theorem B2 (2). Hence, faMgp € FSOS(X).

Theorem 3.9. Let (X, %, E) be a fuzzy soft topological space and fo € FSS(X)g. Then fa € FSCS(X)
if and only if Fint(Fcl(fa)) E fa.

Proof. Let f4 € FSCS(X). Then f) is a fuzzy semi open soft set. This means that, f C
Fel(Fint(1g—fa)) = lg—(Fint(Fcl(fa))). Therefore, Fint(Fcl(fa)) C fa. Conversely, let Fint(Fel(fa)) C
fa. Then 1p — f4 C Fcl(Fint(iE — fa)). Hence, 1g — fa is a fuzzy semi open soft set. Therefore, f4 is

fuzzy semi closed soft set.

Corollary 3.1. Let (X, %, E) be a fuzzy soft topological space and fa € FSS(X)g. Then fa € FSCS(X)
if and only if fa = faU Fint(Fcl(fa)).

4 Fuzzy semi continuous soft functions

In 1], Karal et al. defined the notion of a mapping on classes of fuzzy soft sets, which is fundamental
important in fuzzy soft set theory, to improve this work and they studied properties of fuzzy soft images
and fuzzy soft inverse image s of fuzzy soft sets. Kandil et al. [I3] introduced some types of soft function in
soft topological spaces. Here, we introduce the notions of fuzzy semi soft function in fuzzy soft topological

spaces and study its basic properties.
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Definition 4.1. Let (X,%1,E), (Y,%2,K) be fuzzy soft topological spaces and fp, : FSS(X)g —
FSS(Y)k be a fuzzy soft function. Then, the function fp, is called;

(1) Fuzzy semi continuous soft if f,,'(g5) € FSOS(X)V gp € Ts.

(2) Fuzzy semi open soft if fpu(ga) € FSOS(Y)V ga € T1.

(8) Fuzzy semi closed soft if fpu(fa) € FSCS(Y)V fa € T).

(4) Fuzzy irresolute soft if [, (gp) € FSOS(X)Y gp € FSOS(Y).

(5) Fuzzy irresolute open soft if fpu(ga) € FSOS(Y)V ga € FSOS(X).
(6) Fuzzy irresolute closed soft if fpu(fa) € FSCS(Y)V fa € FSCS(Y).

Example 4.1. Let X =Y = {a,b,c}, E = {e1,e2,e3} and A C E where A = {e1,ea}. Let fp, :
(X,%1,FE) — (Y,%2, K) be the constant soft mapping where %1 is the indiscrete fuzzy soft topology and
Ty is the discrete fuzzy soft topology such that u(x) =aVax € X andp(e) =e1 Ve € E. Let fa be fuzzy
soft set over'Y defined as follows:

1, = a0, bos, o6t 1¥, = {ao.e, bo.2,co5}

Then fa € T5. Now, we find fz;}(fA) as follows:

fou (fa)(e1)(a) = fa(p(er))(u(a)) = fA(el)(a) =0.1,

fod (fa)(e1)(b) = fa(p(er))(u(b)) = faler)(a) = 0.1,

fod (fa)(e1)(e) = falpler))(u(c)) = fa(er)(a) = 0.1,

fod (fa)(e2)(a) = fa(p(e2))(u(a)) = fA(el)(a) =01,

fod (fa)(e2)(b) = fa(p(e2))(u(b)) = faler)(a) = 0.1,

fod (fa)(e2)(c) = fa(p(e2))(u(c)) = faler)(a) = 0.1,

fo (fa)(e3)(a) = fa(p(es))(u(a)) = fa(er)(a) = 0.1,

foid (fa)(e3)(b) = fa(p(es))(u(d)) = faler)(a) = 0.1,

o (fa)(es)(c) = fa(p(es))(u(c)) = faler)(a) = 0.1.

Hence, f,, L(fa) € FSOS(X). Therefore, fp is not fuzzy semi continuous soft function.

Theorem 4.1. Every fuzzy continuous soft function is fuzzy semi continuous soft.
Proof. Immediate from Theorem Bl

Theorem 4.2. Let (X,%1,E), (Y, %2, K) be fuzzy soft topological spaces and fp., be a soft function such
that fpu : FSS(X)g — FSS(Y)k. Then the following are equivalent:

(1) fpu is a fuzzy semi continuous soft function.

(2) fp.k(hp) € FSCS(X)Y hg € FOS(Y).

(8) fpu(F'Scl(ga) E Felz,(fpu(ga)) V ga € FSS(X)p.

(4) FScl(f,}(hp)) C [l (Fels,(hp)) ¥V hp € FSS(Y)k
(5) fou (Fintz,(hp)) C FSint(f,, (hp)) ¥ hp € FSS(Y)k

Proof.
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(1) = (2) Let hp be a fuzzy closed soft set over Y. Then hlz € FOS(Y) and f,,!(hz) € FSOS(X)
from Definition BTl Since f,,'(hz) = (f,.' (hp))’ from Theorem A Thus, f,.'(hs) € FSCS(X).

(2) = (3) Let g4 € FSS(X)g. Since ga C f@l(fpu(gA)) C f;}(Fcng(fpu(gA))) € FSCS(X) from
(2) and Theorem EZ@ Then g4 T FScl(ga) E [} (Felz,(fpu(ga))). Hence, fru(FScl(ga)) E

fou(fpi (Fels, (fpu(9a)))) E Fels, (fpu(ga))) from TheoremB3 Thus, fpu (FScl(ga)) E Felx, (fpu(ga))-

(3) = (4) Let hgp € FSS(Y)k and ga = f;}(hB). Then fpu(FSclfpj}(hB)) C Fcl§2(fpu(f1;}

(hp))) From (3). Hence, FSel(f,.!(hp)) C f.! (fru(FSel(f,! (hp)))) E foul (Felx, (fpu(fpl! (hB))))
C fI;}(Fcl;cQ(hB)) from Theorem 23 Thus, FScl(fI;Ll(hB)) C fI;}(Fclgz (hp)).

(4) = (2) Let hp be a fuzzy closed soft set over Y. Then FScl(f,,!(hp)) T f,.,} (Fcls,(hp)) ¥V hp €
FSS(Y)k from (4). But clearly f,.!(hp) C FScl(f,,'(hg)). This means that, f,.! (hp) = FScl(f,,' (hp)),
and consequently f,.!(hp) € FSCS(X).

(1) = (5) Let hg € FSS(Y)K Then f;l;}(FZ'ntfz2 (hB)) S FSOS(X) from (1) Hence, f;}(Fint% (hB)) =
FSint(f,,!Fintz,(hp)) E FSint(f,,!(hp)). Thus, f,.!(Fintz,(hp)) E FSint(f,.!(hp)).

(5) = (1) Let hp be a fuzzy open soft set over Y. Then Fints,(hp) = hp and f,.!(Fints,(hp)) =
fod ((hp)) E FSint(f,,!(hp)) from (5). But we have FSint(f,,'(hp)) E f,,!(hp). This means
that, FSint(f,,!(hp)) = fy. (hg) € FSOS(X). Thus, fy, is a fuzzy semi continuous soft function.

Theorem 4.3. Let (X,%1,E) and (Y,%2, K) be fuzzy soft topological spaces and fy, be a soft function
such that fp, : FSS(X)g — FSS(Y)k. Then the following are equivalent:

(1) fpu is a fuzzy semi open soft function.

(2) fpu(Fints, (ga)) C FSint(fpu(ga)) ¥V ga € FSS(X)E.
Proof.

(1) = (2) Let g4 € FSS(X)g. Since Fintz,(ga) € 1. Then, fyu(Fintz, (ga)) € FSOS(Y)V ga € %1
by (1). It follow that, fyu(Fintz,(ga)) = FSint(fpuFint<,(ga)) T FSint(fpu(ga)). Therefore,
fou(Fints, (ga)) E FSint(fpu(ga)) ¥V ga € FSS(X)p.

(2) = (1) Let ga € %1. By hypothesis, fpu(Fintz,(9a)) = fpu(ga) T FSint(fpu(ga)) € FSOS(Y),
but FSint(fpu(ga)) T fpulga). So, FSint(fpu(ga)) = fpu(ga) € FSOS(Y)V ga € T1. Hence, fpu
is a fuzzy semi open soft function.

Theorem 4.4. Let f, : FSS(X)g — FSS(Y)k be a fuzzy semi open soft function. If kp € FSS(Y)k
and lc € T such that fp_ul(kp) C lc, then there exists hg € FSCS(Y) such that kp & hp and
f;;}(hB) Clc.

Proof. Let kp € FSS(Y)k and lc € T} such that f,'(kp) E lo. Then fu,(lf;) T Kk from
Theorem where [, € T;. Since fp, is fuzzy semi open soft function. Then fp,(I) € FSOS(Y).
Take hp = [fpu(li)]’. Hence, hp € FSCS(Y) such that kp C hp and f,.'(hp) = f.! ([fpu(lz)]) E
foud (D) = fr.l(kp) E lc. This completes the proof.

Theorem 4.5. Let (X, %1, E) and (Y, %9, K) be fuzzy soft topological spaces and fp,, be a soft function
such that fp, : FSS(X)g — FSS(Y)k. Then, the following are equivalent:
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(1) fpu is a fuzzy semi closed soft function.
(2) FScl(fpu(ha)) C fpu(Felz,(ha))V ha € FSS(X)E.

Proof. It follows immediately from Theorem E31

5 Fuzzy soft semi separation axioms

Soft separation axioms for soft topological spaces were studied by Shabir and Naz [27]. Kandil et al.
[13] introduced and studied the notions of soft semi separation axioms in soft topological spaces. Here
we introduce the notions of fuzzy semi separation axioms in fuzzy soft topological spaces and study some

of its basic properties.
Definition 5.1. Two fuzzy soft points fe. = xf, and ge = y§ are said to be distinct if and only if x # y.

Definition 5.2. A fuzzy soft topological space (X, %, E) is said to be a fuzzy soft semi T,-space if for
every pair of distinct fuzzy soft points f.,ge there exists a fuzzy semi open soft set containing one of the

points but not the other.

Examples 5.1. (1) Let X = {a,b}, F = {e1,ea} and T be the discrete fuzzy soft topology on X. Then
(X,%,E) is fuzzy soft semi T,-space.

(2) Let X ={a,b}, E = {e1,e2} and ¥ be the indiscrete fuzzy soft topology on X. Then T is not fuzzy

soft semi T,-space.
Theorem 5.1. A soft subspace (Y, %y, E) of a fuzzy soft semi T,-space (X, T, E) is fuzzy soft semi T,.

Proof. Let h., g be two distinct fuzzy soft points in (Y, E). Then these fuzzy soft points are also
in (X, E). Hence, there exists a fuzzy semi open soft set f4 in T containing one of the fuzzy soft points
but not the other. Thus, h¥ M fa is a fuzzy semi open soft set in (Y, Ty, E) containing one of the fuzzy
soft points but not the other from Definition EZTH Therefore, (Y, Ty, E) is fuzzy soft semi T,.

Definition 5.3. Two fuzzy soft points fe = xg, and ge = y§ are said to be distinct if and only if x # y.

Definition 5.4. A fuzzy soft topological space (X, %, E) is said to be a fuzzy soft semi Ty-space if for
every pair of distinct fuzzy soft points fe,ge there exist fuzzy semi open soft sets fa and gp such that
fe€fa, ge#fa; and feégp, 9-€gn.

Example 5.1. Let X = {a,b}, E = {e1,e2} and T be the discrete fuzzy soft topology on X. Then
(X,%,E) is fuzzy soft semi Ty-space.

Theorem 5.2. A fuzzy soft subspace (Y, %y, E) of a fuzzy soft semi Ty-space (X, %, E) is fuzzy soft semi
T;.

Proof. It is similar to the proof of Theorem BTl

Theorem 5.3. If every fuzzy soft point of a fuzzy soft topological space (X, %, E) is fuzzy semi closed
soft, then (X, %, E) is fuzzy soft semi Ty.
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Proof. Suppose that f. and g. be two distinct fuzzy soft points of (X, E). By hypothesis, f. and
ge are fuzzy semi closed soft sets. Hence, f. and g/ are distinct fuzzy semi open soft sets where f.€g.,
gegl; and fo&f!, g.€f.. Therefore, (X,%, E) is fuzzy soft semi T}.

Definition 5.5. A fuzzy soft topological space (X, %, E) is said to be a fuzzy soft semi Ty-space if for
every pair of distinct fuzzy soft points f., ge there exist disjoint fuzzy semi open soft sets fa and g such
that f.€fa and g.€9R.

Example 5.2. Let X = {a,b}, E = {e1,ea} and T be the discrete fuzzy soft topology on X. Then
(X,%,E) is fuzzy soft semi Ty-space.

Proposition 5.1. For a fuzzy soft topological space (X, %, E) we have:
fuzzy soft semi Ty-space = fuzzy soft semi Th-space = fuzzy soft semi T,-space.

Proof.

(1) Let (X, %, E) be a fuzzy soft semi Th-space and f, g. be two distinct fuzzy soft points. Then there
exist disjoint fuzzy semi open soft sets f4 and gp such that f.€fs and g.€gp. Since faMgp = 0g.
Then f.Zgp and g.&fa. Therefore, there exist fuzzy semi open soft sets f4 and gp such that f.€fa,
ge@fa; and f.dgp, ge€gp. Thus, (X, T, E) is fuzzy soft semi Ty-space.

(2) Let (X, %, E) be a fuzzy soft semi Ty-space and fe, g. be two distinet fuzzy soft points. Then there
exist fuzzy semi open soft sets f4 and gp such that f.€fa, ge&fa; and f.f.2gp, ge€gp. Then we
have a fuzzy semi open soft set containing one of the fuzzy soft point but not the other. Thus,
(X, %, E) is fuzzy soft semi T,-space.

Theorem 5.4. Let (X,%, E) be a fuzzy soft topological space . If (X, %, E) is fuzzy soft semi Ta-space,
then for every pair of distinct fuzzy soft points fe, ge there exists a fuzzy semi closed soft set ka such that
containing one of the fuzzy soft points g.€ka, but not the other feékA and geéFScl(kA).

Proof. Let f., g. be two distinct fuzzy soft points. By assumption, there exists disjoint fuzzy semi
open soft sets ba and hp such that f.€ba, ge€hp. Hence, g.€b/y and feébi4 from Theorem EZ2 Thus,
'\ is a fuzzy semi closed soft set containing g. but not f. and f.&FScl(b'y) = b,.

Theorem 5.5. A fuzzy soft subspace (Y, Ty, E) of fuzzy soft semi Ta-space (X, %, E) is fuzzy soft semi
Ts.

Proof. Let j., ke be two distinct fuzzy soft points in (Y, E). Then, these fuzzy soft points are also
in (X, E). Hence, there exist disjoint fuzzy semi open soft sets f4 and gp in T such that j. € fa and
ke € gp. Thus, h¥, M f4 and h Mgp are disjoint fuzzy semi open soft sets in Ty such that j. € h5 M fa
and k. € hy Mgp. So, (Y, Ty, E) is fuzzy soft semi Ts.

Theorem 5.6. If every fuzzy soft point of a fuzzy soft topological space (X, %, E) is fuzzy semi closed
soft, then (X, %, E) is fuzzy soft semi T.

Proof. It similar to the proof of Theorem B3l
Definition 5.6. Let (X, %, E) be a fuzzy soft topological space, he be a fuzzy semi closed soft set and g,
be a fuzzy soft point such that geéhc. If there exist disjoint fuzzy semi open soft sets fs and fyw such

that g.€fs and gp C fwr. Then (X, %, E) is called fuzzy soft semi regular space. A fuzzy soft semi reqular
T1-space is called a fuzzy soft semi T3-space.
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Proposition 5.2. Let (X,%, E) be a fuzzy soft topological space, he be a fuzzy semi closed soft set and
ge be a fuzzy soft point such that goZhe. If (X,%, E) is fuzzy soft semi regular space, then there exists a
fuzzy semi open soft set fa such that g.€fa and fo M he = 0p.

Proof. Obvious from Definition .6l

Theorem 5.7. Let (X,%, E) be a fuzzy soft semi regular space and be a fuzzy semi open soft set gp such
that fo€gp. Then, there exists a fuzzy semi open soft set fg such that f.€fs and FScl(fs) C gp.

Proof. Let gp be a fuzzy semi open soft set containing a fuzzy soft point f. in a fuzzy soft semi
regular space (X,%,E). Then ¢} is a fuzzy semi closed soft such that feégjg from Theorem By
hypothesis, there exist disjoint fuzzy semi open soft sets fg and fy such that f.€fg and ¢z T fw. It
follows that, f{;, C gp and fs C f{,,. Thus, F'Scl(fs) T fiy C gp. So, we have a fuzzy semi open soft
set fg containing f. such that F'Scl(fs) C gp.

Theorem 5.8. Every fuzzy soft semi Ts-space, in which every fuzzy soft point is fuzzy semi closed soft,
18 fuzzy soft semi Th-space.

Proof. Let f.,g. be two distinct fuzzy soft points of a fuzzy soft semi Ts-space (X,%,E). By
hypothesis, g, is fuzzy semi closed soft set and f.&g.. From the fuzzy soft semi regularity, there exist
disjoint fuzzy semi open soft sets k4 and hp such that f.€ks and g. C hp. Thus, f.€k4 and g.€hp.
Therefore, (X, %, E) is fuzzy soft semi Tx-space.

Theorem 5.9. A fuzzy soft subspace (Y,Zy, E) of a fuzzy soft semi T3-space (X, %, E) is fuzzy soft semi
T;.

Proof. By Theorem B2 (Y,%y, E) is fuzzy soft semi Ti-space. Now, we want to prove that
(Y, %y, E) is fuzzy soft semi regular space. Let kp be a fuzzy semi closed soft set in (Y, F) and g, be a
fuzzy soft point in (Y, E) such that g.€kg. Then, kg = hY, M gp for some fuzzy semi closed soft set in
(X, E). Hence, geéh}; Mgp. But g.€hY, so geZgp. Since (X, T, E) is fuzzy soft semi T5. Then, there
exist disjoint fuzzy semi open soft sets fs and fy in T such that g.€fs and gg C fi. It follows that,
hY.M fs and h¥L M fiy are disjoint fuzzy semi open soft sets in Ty such that g.ERL M fs and kg C A5 M fi.
Therefore, (Y, Ty, E) is fuzzy soft semi T5.

Definition 5.7. Let (X,%, E) be a fuzzy soft topological space and he,gp be disjoint fuzzy semi closed
soft sets. If there exist disjoint fuzzy semi open soft sets fs and fyw such that he C fs, g T fw. Then
(X, %, E) is called fuzzy soft semi normal space. A fuzzy soft semi normal Th-space is called a fuzzy soft

semt Ty-space.
Theorem 5.10. Let (X, %, E) be a fuzzy soft topological space. Then the following are equivalent:
(1) (X,%,E) is a fuzzy soft semi normal space.

(2) For every fuzzy semi closed soft set ho and fuzzy semi open soft set gp such that he T gp, there
exists a fuzzy semi open soft set fs such that he C fg, FScl(fs) C gp.

Proof.

166



South Asian J. Math. Vol. 4 No. 4

(1) = (2) Let he be asemi closed soft set and gp be a fuzzy semi open soft set such that he C gp. Then
hc, g are disjoint fuzzy semi closed soft sets. It follows by (1), there exist disjoint fuzzy semi open
soft sets fs and fw such that he C fg, g5 C fw. Now, fs T fiy, so FScl(fs) T FSclfly = fiv.
where gp is fuzzy semi open soft set. Also, f;; C gp. Hence, FScl(f%) C f{;, C gg. Thus, he C fg,
FScl(fs) C gp.

(2) = (1) Let ga and gp be disjoint fuzzy semi closed soft sets. Then ga C g3. By hypothesis, there
exists a fuzzy semi open soft set fg such that ga T fs, FScl(fs) C g5. So g T [FScl(fs)],
ga C fs and [FScl(fs)]' M fs = 0, where fs and [F'Scl(fs)] are fuzzy semi open soft sets. Thus,

(X, %, E) is fuzzy soft semi normal space.

Theorem 5.11. A fuzzy semi closed fuzzy soft subspace (Y, %y, E) of a fuzzy soft semi normal space
(X,%,E) is fuzzy soft semi normal.

Proof. Let g4 and gp be disjoint fuzzy semi closed soft sets in Ty. Then, ga = hk M fo and
g = h5 M fp for some fuzzy semi closed soft sets fc, fp in (X, E). Hence, fc, fp are disjoint fuzzy
semi closed soft sets in ¥. Since (X, %, E) is fuzzy soft semi normal. Then there exist disjoint fuzzy semi
open soft sets fs and fy in T such that fo C fs, fp C fw. It follows that, hY, M fs and hk M fy are
disjoint fuzzy semi open soft sets in Ty such that g4 = h M fo ChL M fs and gg = hL M fp C RSN fiv.
Therefore, (Y, Ty, E) is fuzzy soft semi normal.

Theorem 5.12. Let (X,%1,E) and (Y, %2, K) be fuzzy soft topological spaces and fpy : SS(X)g —
SS(Y)k be a fuzzy soft function which is bijective, fuzzy irresolute soft and fuzzy irresolute open soft. If

(X,%1, F) is a fuzzy soft semi normal space, then (Y, %o, K) is also a fuzzy soft semi normal space.

Proof. Let fa, gp be disjoint fuzzy semi closed soft sets in Y. Since f,, is fuzzy irresolute soft, then
fou (fa) and f;.!(gB) are fuzzy semi closed soft set in X such that f.'(fa) 1 £, (9B) = [l [faTgs] =
fp_u1 [0x] = Op from Theorem By hypothesis, there exist disjoint fuzzy semi open soft sets k¢ and
hp in X such that f,,'(fa) C ko and f,'(98) E hp. It follows that, fa = fpulf.' (fa)] T fpu(ke)
9B = fpu{f;;} (98)] E fpu(hp) from Theorem B3 and fyu(kc) M fpu(hp) = fpulkc Mhp] = fpu[oE‘] =0k
from Theorem Z3 Since f, is fuzzy irresolute open soft function. Then f,.(kc), fpu(hp) are fuzzy semi

open soft sets in Y. Thus, (Y, %9, K) is a fuzzy soft semi normal space.

6 Conclusion

Topology is an important and major area of mathematics and it can give many relationships between
other scientific areas and mathematical models. Recently, many scientists have studied the soft set theory,
which is initiated by Molodtsov [20] and easily applied to many problems having uncertainties from social
life. In the present work, we have continued to study the properties of fuzzy soft topological spaces. We
introduce the some new concepts in fuzzy soft topological spaces such as fuzzy semi open soft sets, fuzzy
semi closed soft sets, fuzzy semi soft interior, fuzzy semi soft closure and fuzzy semi separation axioms
and have established several interesting properties. Since the authors introduced topological structures
on fuzzy soft sets [7, [[T], 28], so the semi topological properties, which introduced by Kandil et al.|[I3],
is generalized here to the fuzzy soft sets which will be useful in the fuzzy systems. Because there exists
compact connections between soft sets and information systems [B0, 24], we can use the results deducted

from the studies on fuzzy soft topological space to improve these kinds of connections. We hope that the

167



A.

Kandil, et al : Some fuzzy soft topological properties based on fuzzy semi open soft sets

findings in this paper will help researcher enhance and promote the further study on fuzzy soft topology

to carry out a general framework for their applications in practical life.
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