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1 Introduction

A mathematical frame work to describe the phenomena of uncertainity in real life situation has been
suggested by Zadeh in 1965. Research on the theory of fuzzy sets has been witnessing an exponential
growth; both within mathematics and in its applications. This ranges from traditional mathematical
subjects like logic, topology, algebra, analysis etc. to pattern recognition, information theory, artificial
intelligence, operations research neural networks and planning etc. [2], [8], [9], [10], [14]. Consequently,
fuzzy set theory has merged as a potential area of interdisciplinary research and fuzzy graph theory is of
recent interest. After the pioneering work of Rosenfeld and Yeh and Bang in 1975, when some basic fuzzy
graph theoretic concepts and applications have been indicated, several authors have been finding deeper
results, and fuzzy analogues of many other graph theoretic concepts. This include fuzzy trees, fuzzy
line graphs, operations on fuzzy graphs, automorphism of fuzzy graphs, fuzzy interval graphs, cycles an
cocyles of fuzzy graphs and metric aspects in fuzzy graphs. In this paper the definition of complement of
a fuzzy graphs is modified and some properties of self coelementary fuzzy graphs are studies. We show
that the automorphism groups of a fuzzy graphs and its complement are identical. Also we consider the
operations of union, join, composition of fuzzy graphs and prove that complement of the union of two
fuzzy graphs is the join of their complements and the complement of the join of two fuzzy graphs is the
union of their complements. Finally we prove that complement of the composition of two strong fuzzy
graphs is the composition of their complements. Through out this paper, we assume that is reflexive
and need not consider loops. Also, the underlying set V is assumed to be finite and ~ can be chosen in

any manner so as to satisfy the definition of a fuzzy graphs in all the examples.
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The operations on (crisp) graphs such as union join, Cartesian product and composition are extended
to fuzzy graphs and some of their properties are studied. In the following discussions an arc between two
nodes u and v is denoted by uv rather than (u, v), because in the Cartesian product of two graphs, a

node of the graphs is in fact, an ordered pair.

Definition 1.1. Let Gy : (o1,p1) and G2 : (02, u2) be two fuzzy graphs with Gix : (Vi, E1) and
Gox : (Va, Ey) with and be the union of Gy and Ga*. Then the union of two fuzzy graphs G1 and G2 is
a fuzzy graphs G = G1 U G2 : (01 U o, 11 U p2) defined by

o1(u) ifueV; -V
(0’1 UUQ)(U) =
oo(u) ifueVy—14,

and

w1 (u) ifuwv € By — Ey
(1 U piz) () =
pa(u) if uv € Ey — Fj.

Definition 1.2. Consider the join G* = G + G5 = (V1 U Vs, Ey U E; U E') of graphs where E’
is the set of all arcs joining the nodes of Vi and Vo where we assume that V3 N V5 = (). Then the
join of two fuzzy graphs G; and Gs is a fuzzy graphs G = Gy + G2 : (01 + 02, 41 + p2) defined by
(o1 + 02)(u) = (01 Uoa)(u),u € V1 U Vs and

(1 U po)(uv)  if uwv € By U By
(k1 + p2) (uv) =
o1(u) ANog(v) ifuv e FE.

Note 1.3. One can easily verify that G =0G.

2 Main Results

Theorem 2.1. (i) The complement of a complete Fuzzy graphs is a complete fuzzy graphs.
(ii) The complement of a complete fuzzy graphs is a complete fuzzy graphs.

Proof: (i) Let G = (V, E) be a complete fuzzy graphs. Therefore, p10;;, = p1i.pt1; and 2,5 < y15.715
for all i and j. To prove that either (a) fiy;; > 0 or Fy;; > 0, (b) Tig;; = 0 or ¥y;; = 0. That is
Tgij = (p1i-pij) — proij = 0 if wgy; > 0, = pa, if ug;; = 0 and Voij = (v1i-715) — 7245 for every i and j, since
G is a complete fuzzy graph. (ii) Proof of (ii) is the same as proof of (i). O

Theorem 2.2. Let G = (V, E) be a self-complementary fuzzy graph. Then, there exists an isomorphism
h:V =V such that [, (vi) pais 1 (vi)v1i, for every v; € Vand Tip (h(v;), h(v;)) = pi2i; o (h(vi), h(v;)) =
Yais; for every (vi,v;) € V.

Proof: We have We have

o (h(vi) , h(v;)) = (B (B (vi)) oy (B (v5))) = p2ij = pe (Vi,v5) = i — R2ij = Hi-fi1g — H2ig
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And

= lem‘j = Z H1i- Mlg ZM?U =2 ZM?U ZMM-MU = Zﬂmj = % Z (Nli-ﬂlj')

i#] i#] i#] i#] i#] i#j i#£]

Vo (h(vi) b (v5)) = (71 (B (01)) Ay (B (v5))) = 7235

= v2ij (715, 715) — Y2i5 = Z'Y%j = Z (v1i-715) Z%U

i#] i3] i#]

= 22’721‘;‘ = Z Y1iY15) Z’YQZJ = _ Z (v1i715-)

i#] i#£] i#] Z#J

Theorem 2.3. If the G is a strong fuzzy graph, then G is also strong.

pa (u
71 (u
pa (u

Proof. Let uwv € E. Then 7i, (uwv) = p1 (u) g1 (v) — p2 (wv) = pa (w) .px (v) = pa (w) .1 (v) =
)t (v) = pu (u) . (v), since G is strong = 0 and 7, (uv) = 1 () .71 (v) — 72 (W) = 71 (w) =

).y (v) =1 (u) .71 (v), since g is strong = 0. Let uv € E. Then iy (uv) = (1 (u) .1 (v))
) - (v) and 7, (uo) = 71 (u) M1 (v) =72 (w0) = 71 (w) 71 ().

Theorem 2.4. Let G = (Vi, Ey) and Gy = (Va, Es) be two fuzzy graphs. Then (i) Gy + Go =
(ZZ) G1 UGy gG_l-i-G_g

= p2 (uv) =

O

GlUGg

Proof: Consider the identity map I : V3 U V2 — V3 U Vi, To prove (i), it is enough to prove

a) () i+ 44 (05) = 7T U (v2), (i) (497 ) (o) = (7077 ()
b) () (12 + 125) (virvy) = (72U 1) (wirvy)s (i) (72 +78) (virvy) = (T2 U7) (wirvy)

(a) (i) (M1 +u’1) (01) = (i1 + 1) (v;) = { pa(v) ifvieVi { (vi) ifvi€Ws

=]

i (vg) ifu €Vh Dv) ifv eV

= (munl) ()

(i) (70 +7) (w0) = (o +24) (00) ={ m () ifvieV: :{ TioifvieW

vy (vi) ifv; € Vo 'y_{ ifv,eVy

= (7rU) (v,

b) (i) (#2 + M'z) (vi, v5) = (pa + 1) (vi) - (pa + 1) (v5) = (p2 + py) (vi, v;)
_ { (p1 U ph) (vi) - (pa U ) (vi) = (p2 U ) (vi,v5)  if (vi, ;) € By U By
(p1 U ph) (vi) - (pa U py) (vg) = (U ) (v;)  if (viv5) € E

p1 (vi) g1 (v5) — prz (vivy) if (vi,vj) € Ex
=3 #1 (i) (vg) — py (vis 05) if (vi,v;) € B
pa (vi) g (v5) = pa (Vi) pin (vg)  if (vi, ;) € E
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Az (vi,vj) if (vi,vj) € By
i (isey) if (visey) € By = (T3 URE) (vi,vy)
if (vi,v;) € E
(b) (i) (72 + 95 ) (visv5) = (31 + 1) (@3) - (1 +79) (v5) = (32 + 78) (vi, )

N { (mU) (W) (mU) (vi) = (v2Us) (viyv)  if (vi,vj) € B U By
(

o~

=9 U
0

Y UM) (W) (1 U) (v5) = (mU) (vy)  if (vi,vg) € B

71 (vi) 71 (v5) — 72 (vivy) if (vi,v;) € Ex 32 (vi,v) if (vi,v5) € En
=9 7 i) 7 (v) =7 (vis v)) if (vi,v;) € By =9 75 (vi,v5) if (vi,v) € By
Y1 (vi) Y1 (v) =7 (vi) 1 (vg) if (vi,v5) € B 0 if (vi,vj) € B

= (72 U 72) (vi,v;)
To prove (ii), it is enough to prove that

a) () (i U AL ) (00) = (B +0%) (i), (@) (32 097) ) = (75 +77) (1)

b) (i) (12 U %) (v v5) = (2 + 155 (w3, 09), (i) (72 U3 (01, 05) = (32 +75) (virv3)
Consider the identity map: I:V; UV, — V3 U VL

i (vi) ifv, ey { mm(vi) ifvieWy

(a) (1) (,Ul U Mi) (vi) = (p U ph) (vi) = { , = _
py (vi) ifv; € Va py (vi) ifv; € Va

= (munl) () = (7 +127) ()
() (i) (75 U7 ) () = (3 Un) ()

{llvl(vi)ifvieVl{llﬁ(vi)ifvieVl(V_Uy)( - ()
= = = 1 1) Vi) = 1 1) (Vi

mn (v)if vi € Va vy (v)if v € Va

b) (i) (uz U u'z) (vi,v5) = (ul u ul) (v3) - (ul u ui) (v)) = (uz u u'z) (vi,v5)

p (vi) pa (v5) — p2 (vi,v5) i f (vi,v5) € By w2 (vi,v5)if (vi,v5) € By
= M/1 (i) -1 (v) = g (vi,0) i f (vi,v5) € By = i (v5,05) if (v3,v5) € Fa
1 (v;) ,u,l (vj) = Oifv; € Vi,v; € Va w1 (v;) .ull (vj)ifvi € Vi,v5 € Vo

/J,QU/J,Q v, 05) i f (vi,v5) € Eqyor Ey S—
, = (Mz + #2) (vi, v5)
) -4 (vj)if (vi,vj) € E

(72 U% (vi,v;) 71 U%) (vi) . (71 UVi) (vj) — (72 UWQ) (vi,v5)

(vi) 71 (v5) = 72 (vi, v5) if (vi,v5) € By 72 (vis ;) if (vi,v5) € Er
(01) 1 (07) = 73 (Vi 0) i f (v3,05) € B =} 75 (v, 05) i f (vi,0;) € Eo
Y

(v;) .7 (v5) — Oifv; € Vi,v; € Vo 1(Ui).71(vj)ifvi€V1,vj€V2
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T2 Uy (viyv5)if (vi,05) € Byor Bs  , .
_ , ' / = (72 +72) (vi, v5)
71 (vi) 71 (vg)if (vi,v;) € E

O

Theorem 2.5. Let Gy = (Vi, Ey) and Gy = (Va, Es) be two strong fuzzy graphs. Then Gy oGs is strong

fuzzy graphs.

Proof: Let Gy 0Go = G = (V,E) where V=V, x Vo and E = {(u, u2) (u,v2) : u € V1, usvy € Ea}

U = {(ul,w) (vl,w) Tw e Vg,ulvl S El}U {(ul,u2) (1)1,’02) TUv € El,’UQ 7§ 1)2}
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