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Abstract A change of Finsler metric L(a, 3) — L(@, §) = ¢?®) {% is called conformal Kropina
change where o is a function of position z’ only, av is Riemannian metric and 3 is a differentiable one-form.
M. Matsumoto has found several conditions under which a Finsler space with («, 3)—metric is of Douglas
type (2], [8]). The purpose of the present paper is to find the condition that conformal Kropina change
of Finsler space with («, 8)—metric of Douglas type yields a space of Douglas type.
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1 Introduction

The theory of Finsler space with (o, 3)—metric has been developed into faithful branch of Finsler
Geometry. For the first time M. Matsumoto introduced («, 3)—metric in 1972 while studying C-reducible
Finsler space [5] and in 1991 he studied about its Berwald connection [6]. The notion of Douglas space
and the condition that the Finsler space with («, 3)—metric be of Douglas type has been given by
Matsumoto, M. and Bacso, S. ([2], [8]). Ichijyo, Y. and Hashiguchi, M. [3] have studied the conformal
change of (o, f)—metric.

The concept of Douglas space ([1], [2] and [8]) has been introduced by M. Matsumoto and S. Bacso
as a generalization of Berwald space from the view-point of geodesic equations. A Finsler space is said to
be Douglas space if D7 = G'y/ — GIy* are homogeneous polynomial of degree three in y?, It is remarkable
that a Finsler space is Douglas space or is of Douglas type if and only if the Douglas tensor vanishes

identically.

2  Preliminaries

Let a(z,y) = /a;;(z)y’y? be Riemannian metric and 3(z,y) = b;i(z)y’ be a differentiable one-
form in an n-dimensional differentiable manifold M™. If the Finsler metric function L(«, /3) is positively
homogeneous of degree one in o and @ in M", then F™ = (M"™, L(a, 3)) is called a Finsler space with
(o, B)—metric [6].
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The space R" = (M™, «) is called a Riemannian space associated with F™ [3] and Christoffel symbol

of R™ are indicated by 7}, and covariant differentiation with respect to 7%, () by V.

We shall use the symbols as follows:

1 1 ) )
rij = §(iji +Vibj), sij = §(iji —Vibj), s;=a"s., s;=>0.s]. (2.1)

1 . 0
It is to be noted that s;; = =(9;b; — 0;b;). Throughout the paper the symbols 9; and 9; stand for —
J 2 J J 8 i
o

0 ) .
and —— respectively. We are concerned with the Berwald connection BI' = (G;k, G;-), which given by

oy

i ij(, T L? i _ A i i 3 i
2G' (z,y) = ¢ (y"0;0,F — 0;F), where F = - G = 0;G" and Gy, = OpGj.

The Finsler space F™ is said to be of Douglas type (or Douglas space) [8] if DY = Gy — GIy* are
homogeneous polynomial of degree three in y*. We shall denote the “homogeneous polynomial of degree
r in ¥ by hp(r).

For a Finsler space F™ with (a, )—metric ([4], [6]), we have

2G" = v}y + 2B (2.2)
where _
. B, alg ; aLag Yy oa, BLg
B’L [—— 2 (3 _ C* g _ _b’L E [ C*
P S i (a 3 ) ’ L
afB(rooLa — 2as0Lg) ; i 2 _ 32 2 a2
C* = b' =a"b; =b — 2.3
2(62[/&"‘0('721/0[&) Y a J FY 6 I ( )
b? = a"b;b;

and the subscripts « and  in L denote the partial differentiation with respect to a and 3 respectively.
Since ¢, = 7;- () yF is homogeneous polynomial degree two in y*, we have [8]:

Proposition 2.1. A Finsler space with («, 3)—metric is a Douglas space if and only if B = Byl —Bly*
are hp(3). Equation (2.3) gives

2
Lo S
& Zaa o (piyd — byt (2.4)

ij ol i
BY = sy’ = sov') + 57

3 Conformal Kropina change of Finsler spaces with («, 5)—metric of Douglas

type

Let F" = (M", L) and F' = (M", L) be two Finsler spaces on the same underlying manifold M.
If we have a function o () in each co-ordinate neighbourhoods of M such that L(a@, 3) = e {%},

then F™ is called conformal Kropina to F" and the change L — L of metric is called conformal Kropina
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change of (a, 3)—metric. A conformal change of (a,3)—metric is expressed as (a, 3) — (@, 3), where

a=ea, f=e’B. We have

3 — 20 — 20 o —1] —20
7=y, Y=y, aj=e a;, b=eb, al=e

a',
P =2b  and b = b2 (3.1)
Therefore we have

Proposition 3.1. In a Finsler space with (c, 3)—metric the length b of b; with respect to the Riemannian

« 1s invariant under any conformal change of metric.

From (3.1) it follows that the conformal change of Christoffel symbols is given by

T =i + 0low + Spoy — o'y, (3.2)

where 0; = 8;0 and o' = aYo;.

From (2.1), (3.1) and (3.2) we have the following conformal changes
(a) Vb = e7(Vjbi + pai; — aiby), (b) Tij = e[rij — 5(bio; + bjoi) + paj],
(c) Sij = e[sij + 5(bioj —bjoy)],  (d) 55 =e[s} + 3(b'oj — bjat)], (3.3)
(e) §;=s;+ 5(b%c; —pb;), where p=o,b".

From (3.2) and (3.3) we can easily obtain the following:
(a) oo = b0 +200y" —a®a’, (b) Too = e (roo + pa® — 00f3),
(c) 4= 670[564'%(51'00—501')]7 (d) B0 = So+%(b20'0—/’5)- (3.4)

To find the conformal Kropina change of B% given in (2.4), we first find the conformal Kropina change
of C* given in (2.3).

Since L(@, §) = e {%}, we have

72
To=2Lly Tow=e 2 (Lhoat (Lo)], Ty=20llo= L0 o2 22 (3.5)
B B B
From (2.3), (3.4) and (3.5), we have
C" = e (C* + DY), (3.6)

h
o e — OL(FLa +07*Laa)[B(pa® = 008)La = aB(¥Pa0 — pB) Ly +
 2(B2La + ay?Lao){(B%2La + a2 Laa) L + ay2(La)?}

aL{so + 3(b%00 — pB)}] — B (L) (rooLa — 2asoLg)

Hence the conformal Kropina change of B% is written in the form
B = B + ¢, (3.8)
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where o o o o o .
cii — @L(2BLs — L){oo(b'y’ —by’) — B(o’y’ — a7y')} — 2oL (spy” — shy') +
4BLL,
4a2{(La)2C* + [LLaa + (La)2] D*} (biyj - bjyi)

(3.9)

Theorem 3.1. A Douglas space with («, 3)—metric is transformed to a Douglas space with (o, §)—metric

under conformal Kropina change if and only if C¥ defined in equation (3.9) is hp(3).

In the following three sections we deal with conformal Kropina change of Finsler spaces with three

particular (a, §)—metrics.

4 Riemannian Metric

For a Riemannian metric we have L = «, so that
L, =1, Lg=0 and Lyo = 0.

Hence the values of C*, D* and C% given by equations (2.3), (3.7) and (3.9) respectively reduce to

or_ 0ron  p. B(pa® — 00f) + a®Fso + 5075 (V00 — piB) — b?a?Broo + Broe
26 ’ 2b20162
i a2 i . a2 : pa2 ﬁ 2 00 i 4 i
Cjzz(g y —aly') - 25(30y - 7y)+(m_2b2 0+2b26+@> (b'y” —Vy"). (4.1)

Since O‘—(o y) — ody® and (4; - gZQO + 222) (bly? — biyt) are hp(3), these terms of (4.1) may be
neglected in our discussion and we treat only of
o2s 2

O by — bly') — ;ﬂ(soy —s)y’), where V(gj) is hp(3). (4.2)

iy
Vi) = 20203

The equation (4.2) can be written as
b2ﬁV3) — 2so(bly? — Wyt + b2 (shy’ — shy') = 0. (4.3)
Take n > 2, o # 0 (mod 3) [8]. The terms of (4.3), which seemingly do not contain 3 are b?a?(shy’ —
sgyi) — a?so(bly? — by'). Hence we must have hp(1) V(Zf) such that the above expression is equal to
oaQBV(ilj). Thus
b (shy’ — shy') — so(b'y’ —b'y") = BV}, (4.4)
By putting V(l) = V7 (x) y*, the equation (4.4) is written as
V2 [s5,87 + 5.0 — 5908 — s55.00] — [(516], + 515))b" — (5108 + 5,03)0] = bp Vi + bV, (4.5)
Contracting (4.5) by j = k, we get

TLbQS;I — nbls), = thTiT + bTVh". (4.6)
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Next, transvecting (4.5) by b;b", we have
b2 (b%sh — s'by, — spb') = b2b, V" + bb, Vb5, (4.7)
Transvecting (4.7) by b, we get
—2b*s" = 20%b,V/"b* which gives
b VI = —b?s', provided b* # 0. (4.8)
Putting the value of b, Vb from (4.8) in (4.7), we get

b ViIT = b?s), — spb' (4.9)

Substituting the value of b, V" from (4.9) in (4.6), we get

bis) = Vby, + b'sp,. (4.10)

1
(n—1)

If we put v* = ﬁ‘/jr, then equation (4.10) gives b%s} = v'bj, +b's;, which implies bs;; = v;b;+b;s;,

where v; = aijvj . Since s;; is skew-symmetric tensor, we have v; = —s; easily. Thus
1
sij = 33 (bisj — bjsi). (4.11)

Hence, we have

Theorem 4.1. A Finsler space F" (n > 2) which is obtained by conformal Kropina change of a
Riemannian space F™ with b*> # 0 is of Douglas type if and only if (4.11) is satisfied.

5 Randers Metric
For a Randers metric we have L = o + 3, so that
L,=1, Lg=1 and L, =0.

We know that [8] Finsler space with Randers metric is Douglas space if and only if s;; = 0. Under this

condition the values of C*, D* and C% given by equation (2.3), (3.7) and (3.9) respectively reduce to

argy . _ aBla+ p){(b*a? —b%af — 26%) o0 + pB(a’ + af)} — 2a?(b?a? — 5%)rog

=35 1B + )

d
" 0(8 = a)ooby = biy') — Blo'y! = 07y )}(0d + B9)+
48(b2a® + 33)

a3[2B8re0 + (b?a? — b?aB — 2%)og + pB(a? + af)](biy! — blyt)

CY =

: (5.1)
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The equation (5.1) can be written as
402 + BHCY + (236 — af® + a*BH) oo (biy? — yt) — {b?a® + o262 — b2alB — af?} x
(o'y? — a7y") — (2arg0 + pa® + pBat)(b'y? — by") = 0. (5.2)
Since « is an irrational function in y¢, the equation (5.2) gives rise to two equations as follows:
AG2CY + a?Bog (b'y’ — Vy') + a*(b*a® — §)(a'y’ — o'y’
—a'p(b’y’ —by") =0 (5.3)
and
WPa®CY + (202 — oo (b'y’ — by') — (P’ = BY)(a"y — o7y

—a®(2ro0 + pa®)(b'y’ — Vy') = 0. (5.4)

Take n > 2, a® # 0 (mod3). The terms 3 of (5.4), which seemingly do not contain a? are
—Boo(biy’ —byt) + 4 (0'y? — 07y?). Hence we must have hp(0), M¥(z) such that the above expression

is equal to a?3>M% (z). Therefore we have
—oo(b'y’ = b'y') + B(oy’ — oy') = a® MV (). (5.5)
The equation (5.5) can be written as
—[(010] 4 06D — (06% + on0L )] + [(brd) + bd) )" — (bpdk + brdh)o?] = anpMY. (5.6)
Contracting (5.6) by j = h, we get
n(bgo’ —bloy) = My which implies
M;;(z) = n(bjo; — bio;). (5.7)
Thus, we have

Theorem 5.1. A Finsler space (n > 2) which is obtained by conformal Kropina change of a Randers
space of Douglas type remains to be of Douglas type if and if (5.7) is satisfied.

6 Kropina Metric

For a Kropina metric we have L = %2, so that

2a a? 2
Lo=22 L;=-2%  and  Lya==.
E T 6
Hence the values of C*, D* and C% given by equation (2.3), (3.7) and (3.9) respectively reduce to
o Proo + 04250,
262
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B b2a?{ppa’® + (3b%a? — 43%)o¢ + 2a2s0} — 8b2a?Brog + 833 rgo — 8b%atsy + 8a? 3 s
B 8b2a(3b2a? — 232)

D*
and
8b?3(3b%a? — %) C = {833r0p + 20250 (3b%a? + 46%) + 3b%a’ pB — 6b% a2 B0} x
(b'y? — Vy') + 3b%a?B(3b%a? — 28%) (o'y? — alyt) — 2620 (3b%a? — 26%)(shy’ — séyi). (6.1)
Take n > 2, a® # 0 (mod 3). The terms in (6.1), which seemingly do not contain 3 are
6b%a’so(b'y’ — by") — 6b*a* (shy’ — shy’).
Hence we must have hp(1) V(ilj) such that the above expression is equal to 6b2a4ﬁV(i1j). Therefore we have
so(b'y’ —Vy") — b (shy’ — sgy’) = BV}, (6.2)
By putting V(ilj) = Vkij (x)y*, the equation (6.2) can be written as
(510], + 51.0))b" — (s,0% + 5,000 — b2[s5,0) + 54.6) — 5108 — 5100] = b V7 + b,V (6.3)
Contracting (6.3) by j = k, we get
nb'sy, —nb*sh = b V,'" + b, Vji". (6.4)
Next transvecting (6.3) by b;b", we have
—b?(b%s), — s'by — spb') = b2b, V3" + bpb, VDS, (6.5)
Transvecting (6.5) by b, we get
2b*s" = 2b%b, V"b*,  which gives
b VI =b?s',  provided b* # 0. (6.6)
Substituting the value of b, Vb from (6.6) in (6.5), we get
b Vi = blsy — b?sl. (6.7)
Substituting the value of b, V;i" from (6.7) in (6.4), we get

b2st =blsp, — ——— Vi'by,. 6.8
Sh Sh (n _ 1) r Yh ( )

If we put v* = ﬁer, then equation (6.8) gives 5282 = b'sy, — v'b,, which implies bQSij = bjs; — vibj,

where v; = a;;07.
Since s;; is skew-symmetric tensor, we have V; = s; easily. Hence

1

Sij =
Thus, we have
Theorem 6.1. A Finsler space F' (n > 2) which is obtained by conformal Kropina change of a Kropina
space F™ with b* # 0 is of Douglas type if and only if (6.9) is satisfied.
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