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Abstract A change of Finsler metric L(α, β) → L(α, β) = eσ(x)
{

L2(α,β)
β

}

is called conformal Kropina

change where σ is a function of position xi only, α is Riemannian metric and β is a differentiable one-form.

M. Matsumoto has found several conditions under which a Finsler space with (α, β)−metric is of Douglas

type ([2], [8]). The purpose of the present paper is to find the condition that conformal Kropina change

of Finsler space with (α, β)−metric of Douglas type yields a space of Douglas type.
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1 Introduction

The theory of Finsler space with (α, β)−metric has been developed into faithful branch of Finsler

Geometry. For the first time M. Matsumoto introduced (α, β)−metric in 1972 while studying C-reducible

Finsler space [5] and in 1991 he studied about its Berwald connection [6]. The notion of Douglas space

and the condition that the Finsler space with (α, β)−metric be of Douglas type has been given by

Matsumoto, M. and Bacso, S. ([2], [8]). Ichijyo, Y. and Hashiguchi, M. [3] have studied the conformal

change of (α, β)−metric.

The concept of Douglas space ([1], [2] and [8]) has been introduced by M. Matsumoto and S. Bacso

as a generalization of Berwald space from the view-point of geodesic equations. A Finsler space is said to

be Douglas space if Dij = Giyj −Gjyi are homogeneous polynomial of degree three in yi, It is remarkable

that a Finsler space is Douglas space or is of Douglas type if and only if the Douglas tensor vanishes

identically.

2 Preliminaries

Let α(x, y) =
√

aij(x) yi yj be Riemannian metric and β(x, y) = bi(x) yi be a differentiable one-

form in an n-dimensional differentiable manifold Mn. If the Finsler metric function L(α, β) is positively

homogeneous of degree one in α and β in Mn, then Fn = (Mn, L(α, β)) is called a Finsler space with

(α, β)−metric [6].
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The space Rn = (Mn, α) is called a Riemannian space associated with Fn [3] and Christoffel symbol

of Rn are indicated by γi
jk and covariant differentiation with respect to γi

jk(x) by ∇.

We shall use the symbols as follows:

rij =
1

2
(∇jbi + ∇ibj), sij =

1

2
(∇jbi −∇ibj), si

j = airsrj , sj = brs
r
j . (2.1)

It is to be noted that sij =
1

2
(∂jbi − ∂ibj). Throughout the paper the symbols ∂i and ∂̇i stand for

∂

∂xi

and
∂

∂yi
respectively. We are concerned with the Berwald connection BΓ = (Gi

jk, Gi
j), which given by

2Gi(x, y) = gij(yr∂̇j∂rF − ∂jF ), where F =
L2

2
, Gi

j = ∂̇jG
i and Gi

jk = ∂̇kGi
j .

The Finsler space Fn is said to be of Douglas type (or Douglas space) [8] if Dij = Giyj − Gjyi are

homogeneous polynomial of degree three in yi. We shall denote the “homogeneous polynomial of degree

r in yi” by hp(r).

For a Finsler space Fn with (α, β)−metric ([4], [6]), we have

2Gi = γi
00 + 2Bi (2.2)

where

Bi =
E

α
yi +

αLβ

Lα

si
0 −

αLαα

Lα

C∗

(

yi

α
−

α

β
bi

)

, E =
βLβ

L
C∗,

C∗ =
αβ(r00Lα − 2αs0Lβ)

2(β2Lα + αγ2Lαα)
, bi = aijbj, γ2 = b2α2 − β2, (2.3)

b2 = aijbibj

and the subscripts α and β in L denote the partial differentiation with respect to α and β respectively.

Since γi
00 = γi

jk(x)yjyk is homogeneous polynomial degree two in yi, we have [8]:

Proposition 2.1. A Finsler space with (α, β)−metric is a Douglas space if and only if Bij = Biyj−Bjyi

are hp(3). Equation (2.3) gives

Bij =
αLβ

Lα

(si
0y

j − s
j
0y

i) +
α2Lαα

βLα

C∗(biyj − bjyi). (2.4)

3 Conformal Kropina change of Finsler spaces with (α, β)−metric of Douglas

type

Let Fn = (Mn, L) and F
n

= (Mn, L) be two Finsler spaces on the same underlying manifold Mn.

If we have a function σ(x) in each co-ordinate neighbourhoods of Mn such that L(α, β) = eσ
[

L2(α,β)
β

]

,

then Fn is called conformal Kropina to F
n

and the change L → L of metric is called conformal Kropina
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change of (α, β)−metric. A conformal change of (α, β)−metric is expressed as (α, β) → (α, β), where

α = eσα, β = eσβ. We have

yi = yi, yi = e2σ yi, aij = e2σaij , bi = eσbi, aij = e−2σaij ,

b
i
= eσbi and b

2
= b2. (3.1)

Therefore we have

Proposition 3.1. In a Finsler space with (α, β)−metric the length b of bi with respect to the Riemannian

α is invariant under any conformal change of metric.

From (3.1) it follows that the conformal change of Christoffel symbols is given by

γi
jk = γi

jk + δi
jσk + δi

kσj − σiajk, (3.2)

where σj = ∂jσ and σi = aijσj .

From (2.1), (3.1) and (3.2) we have the following conformal changes

(a) ∇jbi = eσ(∇jbi + ρaij − σibj), (b) rij = eσ[rij −
1
2 (biσj + bjσi) + ρaij ],

(c) sij = eσ[sij + 1
2 (biσj − bjσi)], (d) si

j = eσ[si
j + 1

2 (biσj − bjσ
i)], (3.3)

(e) sj = sj + 1
2 (b2σj − ρbj), where ρ = σrb

r.

From (3.2) and (3.3) we can easily obtain the following:

(a) γi
00 = γi

00 + 2σ0y
i − α2σi, (b) r00 = eσ(r00 + ρα2 − σ0β),

(c) si
0 = e−σ[si

0 + 1
2 (biσ0−βσi)], (d) s0 = s0 + 1

2 (b2σ0−ρβ). (3.4)

To find the conformal Kropina change of Bij given in (2.4), we first find the conformal Kropina change

of C∗ given in (2.3).

Since L(α, β) = eσ
[

L2(α,β)
β

]

, we have

Lα =
2L

β
Lα, Lαα = e−α 2

β
[LLαα + (Lα)2], Lβ =

2βLLβ − L2

β2
, γ2 = e2σγ2. (3.5)

From (2.3), (3.4) and (3.5), we have

C
∗

= eσ(C∗ + D∗), (3.6)

where

D∗ =
αL(β2Lα + αγ2Lαα)[β(ρα2 − σ0β)Lα − αβ(b2σ0 − ρβ)Lβ +

2(β2Lα + αγ2Lαα){(β2Lα + αγ2Lαα)L + αγ2(Lα)2}

αL{s0 + 1
2 (b2σ0 − ρβ)}] − α2βγ2(Lα)2(r00Lα − 2αs0Lβ)

(3.7)

Hence the conformal Kropina change of Bij is written in the form

B
ij

= Bij + Cij , (3.8)
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where

Cij =
αL(2βLβ − L){σ0(b

iyj − bjyi) − β(σiyj − σjyi)} − 2αL2(si
0y

j − s
j
0y

i)+

4βLLα

4α2{(Lα)2C∗ + [LLαα + (Lα)2] D∗} (biyj − bjyi)
(3.9)

Theorem 3.1. A Douglas space with (α, β)−metric is transformed to a Douglas space with (α, β)−metric

under conformal Kropina change if and only if Cij defined in equation (3.9) is hp(3).

In the following three sections we deal with conformal Kropina change of Finsler spaces with three

particular (α, β)−metrics.

4 Riemannian Metric

For a Riemannian metric we have L = α, so that

Lα = 1, Lβ = 0 and Lαα = 0.

Hence the values of C∗, D∗ and Cij given by equations (2.3), (3.7) and (3.9) respectively reduce to

C∗ =
αr00

2β
, D∗ =

β3(ρα2 − σ0β) + α2β2s0 + 1
2α2β2(b2σ0 − ρβ) − b2α2βr00 + β3r00

2b2αβ2

Cij =
α2

4
(σiyj − σjyi) −

α2

2β
(si

0y
j − s

j
0y

i) +

(

ρα2

4b2
−

β

2b2
σ0 +

α2s0

2b2β
+

r00

4b2

)

(biyj − bjyi). (4.1)

Since α2

4 (σiyj − σjyi and
(

ρα2

4b2
− βσ0

2b2
+ r00

4b2

)

(biyj − bjyi) are hp(3), these terms of (4.1) may be

neglected in our discussion and we treat only of

V
ij

(3) =
α2s0

2b2β
(biyj − bjyi) −

α2

2β
(si

0y
j − s

j
0y

i), where V
ij

(3) is hp(3). (4.2)

The equation (4.2) can be written as

2b2βV
ij

(3) − α2s0(b
iyj − bjyi + b2α2(si

0y
j − s

j
0y

i) = 0. (4.3)

Take n > 2, α2 6≡ 0 (mod β) [8]. The terms of (4.3), which seemingly do not contain β are b2α2(si
0y

j −

s
j
0y

i) − α2s0(b
iyj − bjyi). Hence we must have hp(1) V

ij

(1) such that the above expression is equal to

α2βV
ij

(1). Thus

b2(si
0y

j − s
j
0y

i) − s0(b
iyj − bjyi) = βV

ij

(1). (4.4)

By putting V
ij

(1) = V
ij
k (x) yk, the equation (4.4) is written as

b2[si
hδ

j
k + si

kδ
j
h − s

j
hδi

k − s
j
kδi

h] − [(shδ
j
k + skδ

j
h)bi − (shδi

k + skδi
h)bj ] = bhV

ij
k + bkV

ij
h (4.5)

Contracting (4.5) by j = k, we get

nb2si
h − nbish = bhV ir

r + brV
ir
h . (4.6)
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Next, transvecting (4.5) by bjb
h, we have

b2(b2si
k − sibk − skbi) = b2brV

ir
k + bkbrV

ir
s bs. (4.7)

Transvecting (4.7) by bk, we get

−2b4si = 2b2brV
ir
s bs which gives

brV
ir
s bs = −b2si, provided b2 6= 0. (4.8)

Putting the value of brV
ir
s bs from (4.8) in (4.7), we get

brV
ir
k = b2si

k − skbi. (4.9)

Substituting the value of brV
ir
h from (4.9) in (4.6), we get

b2si
h =

1

(n − 1)
V ir

r bh + bish. (4.10)

If we put vi = 1
n−1V ir

r , then equation (4.10) gives b2si
h = vibh+bish which implies b2sij = vibj+bisj ,

where vi = aijv
j . Since sij is skew-symmetric tensor, we have vi = −si easily. Thus

sij =
1

b2
(bisj − bjsi). (4.11)

Hence, we have

Theorem 4.1. A Finsler space F
n

(n > 2) which is obtained by conformal Kropina change of a

Riemannian space Fn with b2 6= 0 is of Douglas type if and only if (4.11) is satisfied.

5 Randers Metric

For a Randers metric we have L = α + β, so that

Lα = 1, Lβ = 1 and Lαα = 0.

We know that [8] Finsler space with Randers metric is Douglas space if and only if sij = 0. Under this

condition the values of C∗, D∗ and Cij given by equation (2.3), (3.7) and (3.9) respectively reduce to

C∗ =
αr00

2β
, D∗ =

αβ(α + β){(b2α2 − b2αβ − 2β2)σ0 + ρβ(α2 + αβ)} − 2α2(b2α2 − β2)r00

4β(b2α3 + β3)

and

Cij =
α(β − α){σ0(b

iyj − bjyi) − β(σiyj − σjyi)}(b2α3 + β3)+

4β(b2α3 + β3)

α3[2βr00 + (b2α2 − b2αβ − 2β2)σ0 + ρβ(α2 + αβ)](biyj − bjyi)
. (5.1)
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The equation (5.1) can be written as

4(b2α3 + β3)Cij + (2α3β − αβ3 + α2β2)σ0(b
iyj − bjyi) − {b2α5 + α2β3 − b2α4β − αβ4}×

(σiyj − σjyi) − (2α3r00 + ρα5 + ρβα4)(biyj − bjyi) = 0. (5.2)

Since α is an irrational function in yi, the equation (5.2) gives rise to two equations as follows:

4β2Cij + α2βσ0(b
iyj − bjyi) + α2(b2α2 − β2)(σiyj − σjyi)

−α4ρ(biyj − bjyi) = 0 (5.3)

and

4b2α2Cij + β(2α2 − β2)σ0(b
iyj − bjyi) − (b2α4 − β4)(σiyj − σjyi)

−α2(2r00 + ρα2)(biyj − bjyi) = 0. (5.4)

Take n > 2, α2 6≡ 0 (mod β). The terms β of (5.4), which seemingly do not contain α2 are

−β3σ0(b
iyj − bjyi)+β4(σiyj −σjyi). Hence we must have hp(0), M ij(x) such that the above expression

is equal to α2β3M ij(x). Therefore we have

−σ0(b
iyj − bjyi) + β(σiyj − σjyi) = α2M ij(x). (5.5)

The equation (5.5) can be written as

−[(σhδ
j
k + σkδ

j
h)bi − (σkδi

h + σhδi
k)bj ] + [(bhδ

j
k + bkδ

j
h)σi − (bhδi

k + bkδi
h)σj ] = ahkM ij . (5.6)

Contracting (5.6) by j = h, we get

n(bkσi − biσk) = M i
k which implies

Mij(x) = n(bjσi − biσj). (5.7)

Thus, we have

Theorem 5.1. A Finsler space F
n

(n > 2) which is obtained by conformal Kropina change of a Randers

space of Douglas type remains to be of Douglas type if and if (5.7) is satisfied.

6 Kropina Metric

For a Kropina metric we have L = α2

β
, so that

Lα =
2α

β
, Lβ = −

α2

β2
and Lαα =

2

β
.

Hence the values of C∗, D∗ and Cij given by equation (2.3), (3.7) and (3.9) respectively reduce to

C∗ =
βr00 + α2s0

2β2α
,
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D∗ =
b2α2{ρβα2 + (3b2α2 − 4β2)σ0 + 2α2s0} − 8b2α2βr00 + 8β3r00 − 8b2α4s0 + 8α2β2s0

8b2α(3b2α2 − 2β2)

and

8b2β(3b2α2 − β2)Cij = {8β3r00 + 2α2s0(3b2α2 + 4β2) + 3b2α4ρβ − 6b2α2β2σ0}×

(biyj − bjyi) + 3b2α2β(3b2α2 − 2β2)(σiyj − σjyi) − 2b2α2(3b2α2 − 2β2)(si
0y

j − s
j
0y

i). (6.1)

Take n > 2, α2 6≡ 0 (mod β). The terms in (6.1), which seemingly do not contain β are

6b2α4s0(b
iyj − bjyi) − 6b4α4(si

0y
j − s

j
0y

i).

Hence we must have hp(1)V
ij

(1) such that the above expression is equal to 6b2α4βV
ij

(1). Therefore we have

s0(b
iyj − bjyi) − b2(si

0y
j − s

j
0y

i) = βV
ij

(1). (6.2)

By putting V
ij

(1) = V
ij
k (x)yk, the equation (6.2) can be written as

(shδ
j
k + skδ

j
h)bi − (shδi

k + skδi
h)bj − b2[si

hδ
j
k + si

kδ
j
h − s

j
hδi

k − s
j
kδi

h] = bhV
ij
k + bkV

ij
h (6.3)

Contracting (6.3) by j = k, we get

nbish − nb2si
h = bhV ir

r + brV
ir
h . (6.4)

Next transvecting (6.3) by bjb
h, we have

−b2(b2si
k − sibk − skbi) = b2brV

ir
k + bkbrV

ir
s bs. (6.5)

Transvecting (6.5) by bk, we get

2b4si = 2b2brV
ir
s bs, which gives

brV
ir
s bs = b2si, provided b2 6= 0. (6.6)

Substituting the value of brV
ir
s bs from (6.6) in (6.5), we get

brV
ir
h = bish − b2si

h. (6.7)

Substituting the value of brV
ir
h from (6.7) in (6.4), we get

b2si
h = bish −

1

(n − 1)
V ir

r bh. (6.8)

If we put vi = 1
n−1V ir

r , then equation (6.8) gives b2si
h = bish − vibh which implies b2sij = bisj − vibj ,

where vi = aijv
j .

Since sij is skew-symmetric tensor, we have Vi = si easily. Hence

sij =
1

b2
(bisj − bjsi). (6.9)

Thus, we have

Theorem 6.1. A Finsler space F
n

(n > 2) which is obtained by conformal Kropina change of a Kropina

space Fn with b2 6= 0 is of Douglas type if and only if (6.9) is satisfied.
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