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1 Introduction

The hypergeometric function F(«, 3, 7, x) is defined by ([1])

= (@) (B)r I_T
7!

Fla, 8,7, 2) =)

where («), is defined by
(@)= ala+1)..(a+r—1).

The series in (1) converges for |z| < land diverges for || > 1. For z = 1, the series converges if a4+ <

and in this case we have
F(y)T(y—a—-p)

F Q, ﬁa Vs 1) = . 2
@50 ) = TG —a T ) )
The hypergeometric function satisfies the following integral representation
1
Fla, 8,7, z) = % /tﬁ_l(l )P 1 —at)*tdt, v>B>0. (3)
0
Let f,g > 0 satisfy
0< /fz(t)dt< oo and O</gz(t)dt< 00 ,
0 0
then
f(z)g(y) / 2 / 2
———dxd t)dt t)dt 4
[ [P iy < 2| [Pow [soa) )
00 0 0
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where the constant factor 7 is the best possible (cf. Hardy et al.[3]).Inequality (4) is well known as
Hilbert’s integral inequality. This inequality had been extended by Hardy [3] as follows:
1 1
Ifp>1, -+ —-=1, f,g >0 satisfy
p q

o0

O</f”(t)dt < oo and /gq(t)dt <00,
0

0

then
00 00 %3] 1/p %) 1/q
f(x) g9(y) 7T / /
———drdy < ———— P(t)dt L) dt , 5
[ [FE 8 aray < T | [ 10 g"(1) (5)
00 0 0
where the constant factor % is the best possible. Inequality (2) is called Hardy-Hilbert’s integral
sin (7/p

inequality and is important in analysis and application (cf. Mitrinovic et al. [4]).

B. Yang gave the following extension of (2) as follows:

Theorem 1. If A > 2 — min {p,q}, f,g >0, satisfy

0</t1*Afp(t)dt < oo and /t1 Agl(t)dt < oo,
0 0
then
oooof ( ) [e%s) 1/p 1/q
J{ o ” drdy < kx(p) (({tlAfp(t)dt) (({tl A ()dt> , (6)
A—2 A—2
where the constant factor kx(p) = B (p—|— , g+ ) is the best possible, B is the beta function.
p q
2 Results
1 1
Theorem 2. Let f,g>0, h>0, b>a+1/2, «o(,7,0>0, 0<A<I1, p>1, —+—=1
p q
Then
b b o)
(y
dzx dy
a/a/(1+2a— (x+y)'
1/p
y K(\ a6, 2) /" (x) da
(x —a) 7 1) (p— 1)(()—;13)(57771)(2071)
1/q
K(A7,0,9) 9%(y)
( @D @D (p — gD a1 VY @
where

b
_ a 1/ _ ,\B—a—1

K(\a,8,7) / a”” byl 7y,
(14 2a—h(z,y))
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and

b _ p
kawﬁy)lqﬂ@dx ay

/ —a(l Oé)b— )(1+Oéﬁ 1+2a—(:c+y))

- K (\ 0, f,2) [(x) d
= (x —a)~D -1 (h — x)0—r—1) (p—1)

a

The inequalities (7) and (8) are equivalent .

1/q

Proof.
b b
// () ~dudy
1+ 2a — h(z,y)"”
b b a1 f-a1
= // y - a’) P (b — y) ’
(x—a)a _x)‘;’Z*l (142a—h(z,y) 7
y—1 S—~y—1
X 9(y) (@ —a) 7 (b —o) dx dy
a—1 l"* =
(h—a)7 (b—9) 5 (1+2a— h(z,y)
b b v
_ // f” z)(y—a)* "t (b—y)* " dz dy
I‘—a % (b—$)67“;71p(1+2a_h(Iay))liA (
// (v) (@ = o)~ (b—2)* da dy
y— a) % o= )(b y) (1 + 20 - h(x,y)'
— MYrNla
X b
M - / Pr(a)ds ooy
(z—a) 0 D@ D(h— 7)1 D@D / (1+42a — h(z,y)"
) K(\.0.8.2)f7(z) do
- (x —a)=D (=1)(h — £)0—=1) (p=1)
Similarly,

b

K(X7.6,9) 9%(y)
N= / T @D (- y)Ba DD Y-

Therefore, we have

b b b
) K\ o, 6, 2)f?(z) dv
// 1+2a— (x y))l_)‘ dody < (x —a)~D =1 (h — x)0—r=1) (p—1)
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b 1/q
K(A7,6,9) 9()
* (/ =@ D@D yieD@D Y|

a

In order to prove the equivalence of (7) and (8), suppose (8) is satisfied, then

b b
// 1+2a— x)y))”dmdy

b
B / KX\, 7,6,9)Y99(y)
= @1 =D G—a—D (=1
) (y—a) (b-y) a
b
-1/q
X/ CErNCEY KO, ’2/17+5’7y6))( 71)f(:c) dr dy
7‘7 Urae—pP)g—1) 1—X\
(y —a) (b-y) a (1+2a—h(z,y))
b 1/q b
K(X,7,0,9)9(y) 1
< (/ —a)le- 1)(q Db — y)B-a=1)(¢=1) dy x / (y — a)1=2) (b — y)(1+a=p)
P 1/p
1/q
A%514) f(x) .
(I+a-y (1+2a—h(x,y))_
1/q
K(\7,6,9)9%(y)
< K( Y= ) D @D (p— ) F-aD D)

1/p
(/\ O‘vﬂvx)fp(z) dx
: (/ (¢ —a)0- DD (b - x)w—v—l)(p—l)) :

a

Now suppose that (7) holds, then

b b p
1 K(\7,0,9)"Vf(x)
&/ (y —a)1=) (b — y)(I+a=ph) (a/ (1+2a — h(x, y))lf)\ dx) dy

b b
N //(1+2a;f(;()x,y))l_’\ )

i p/q
/ K(A,"Y,(i y)ilf('r) dx dZCdy
(y — a)@=D=1) (h — y)(+a=PA)a=1) (1 4 2a — h(z,y))"

a

N

b p b
. K\ 0,8,2)f?(@) do K(\7,0,)
@ —a) 0 DD 006D | | ) =)@ DD (p—y)ira-ma1D

a a

p—1
/b /b K(0,0.9) /11 (2) . /bK(A,%&y) SICO P R
Y@ (b= y) e (1420 M) \J (4 20— h(ey)"
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b P 1/q

/ K\, 7,0.9)" f(x)
(1+a—y) 'y —a)0=@D (b —y)+e=F (14 2a - h(z,y))'

a

b 1/p
K (Av a, 57 .’,E) fp(x) dx
- (/ (x —a)=D =1 (h — z)@=r=1) (pl))

a

b

b
1 K (A 8.y) """ f(2) "
g / (y = @)= (b — y) (5D / (l+a-y) 7 (1+20—(z+y)'

which implies

b

b )
/ / KMy, 6,y) Y () d
TG S (1 a—y)"T (1420~ hz,y)"

P K (\a.f,2) f(x) do
= (x —a)="D -1 (b — )= (p-1)"

a

For the special case, by taking h(z,y) = = + y, we obtain the following result:

1 1
Theorem 3. Let f,g>0, b>a+1/2, 6>a>0,d>v>0, 0<A<1l, p>1 —+-
p q

b 0
dx dy
/ 1—|—2a— a:er))l‘A

b
b » 1/p
K( ()‘O"ﬁ’ua m)f()

— @)D -D(p— 2)0--D =D (1 + a — z)'- X 4o
1/q

F (07,8, 75%) 97(y) )

y—a) @D @D (p —y)F-a-D D (1 +q — y)=> Yy

where y y
—1,6-1 — P _ q
K =(b-a%*7 (PWW a>) (P(A)rw A>> |

INGE) ()
and

b

—1/q
I F(A70,155) " f@)
(1+a—y)¥(1+2a—(:v+y))/\

b
/ —a 1 @) b y)(1+a B) dr

’ F(\a, B 129 fP(a)d
< Kp/(w_a)( ( a0 T ) x)dx

1D =D (h — )0y D -1+ q—x) -

a

The inequalities (9) and (10) are equivalent .
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Proof.
b b
// f(@)g(y) v dy
) (20— (@+y)
b b a—1 B—a—1
_ // Jy—a)» (b—y)
- y—1 S—v—1 1—X
(x —a) s —x) o (14+2a—(x+vy)) ™
—v—1
-0’ o0
(-a) 7 (b-y) 7 (1+2a—(z+y))
b b s 1/p
o a—1 o —a—1
< // - (@) (y CQH (b—y) __dudy
) a)s” 1)(b 2) T P(1+2a—(z+y)
s 1/q
—a) "L (p = —v—1
/ / )@=t —2) gy
R 1><b D) (20— (a4 y)
— pl/le/q'
b b . L
po_ / fP(x) dx /(y—a)“ (b-y'
(x —a)=D =D (h — z)0—r-1 (-1 J (1—|—2a—(:1:—|—y))17)‘
b b .
_ Fo(r) do o)t
I A Rl (R G R I (R TRy DN
- 1+a 1)
. y—a .
By putting u = — 0 <u < 1, we obtain
—a
b
. Fo(r) dr
- (:1: —a)=D -0 (h — )01 (-1 (1 4 q — z)t~>
! b—a A-1
x/u 1—u5a1<1—<7>u) du
l4+a—=x
0
b b—a D
o (TR P (o5 1k) 0y
(x —a)=D -1 - 2)0=7=DE-D(1 +q—x)1 -2
Similarly,
1/q & q
Q: (b_a)571 F(A /a ()\77757 1+a U)g (y) dy
Y —a) 0= @D (h— ) F-a—D) @D (1t q—g)i—r 7

Therefore, we have

b b b 1/p
f(@)g(v) F(AauB, 1525 ) f7(@) da
//(1+2a—(x+y))1_’\ dedy < K (/ (z—a) 0 DED(b—z) 67 DE-D(1+q—z)l
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1/q
b F(A 7,0, Tras y)gq(y)
X /(y_a)(afl)(qfl)(b_y)(ﬁ a1 (=D (1 4 q — y) = dy

In order to prove the equivalence of (9) and (10), suppose (10) is satisfied, then

b b
f(z) g(y)
a/a/(1+2a—(a:+y))1A oy

1/q
b —a
/ ()\77757 1+a— y) g(y)
(a 1)(4 1) (b—y)(ﬁ o— ;)(Q*l) (1—|—a—y)%

a

b —a —1/q
X/ F(Avvaav 1:1(1—7y) f(CC)
(1 a)(q 1) (A+a—p) (¢—1) — _
b—y) T (ta-y) T (1+2a—(x+y)

dx dy

1/q
’ F(/\ %&m) 9% (y)
S / —a)@=D (=) (h —y)B—a=D @D (1 + a — y)! s dy
—1/q P 1/p
| /” FQosass) i )
a a— - — T Y
_a(l )(b— )(1+ B) ) (1+a_y)%(1+2a_(1‘+y))1)\
1/q
F(/\,%& Tras y)gq(y)
y —a)e=D =1 (p — y)B-a=1) (@1 (1 4+ g — y)1-A
1/p
()\ a, f3, 1+a I) 1P (x) da
. /(x—a)(v D=0 —z)0—-DE-D(1+q—x)-2
Now suppose that (9) holds, then
—1/q P

l+a—y) 7 (1+2a—(z+vy))

—1/q
/b/b F(A7.6:55) " f@)
R AT B - o

yire=f(l+a—y) @ (1+2a—(z+y))

f 1 /b F (/\7% 57 Hl);—gy) f(CC) d d
A1 €z Y
) (y —a)(1=2) (b — y)(At+a=p) J ( A-1 -\

p—1

—1/q

O L)

X / — 1_)\d:c dzdy
l+a—-y) s (14+2a—(x+y))

b

b
- //(1Jrza—fiizC:)er))l‘A

X
1 p/q
p F(A70.155) @) o
— d wdy
J (y — a)@=D=1) (b — y)(1+a=Aa=) (1 4+ g — y) >~ (1 + 2a — (z +y))"
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1/p

b F (Auauﬁa 14b>;im) fp((E) dx
< K / (2 —a) =D e-1D(p — 2)0—=Dr-1(1 4 q — )1 X

F (7.8, 25%)

b
/ (y _ a)(a—l)(q—l) (b — y)(1+a—6)(q—1) (1 +a— y)l—/\
-1 P 1/q
h F(Ay.0:55) @)
X A de | dy
) (L+a—yP iy —a)=0@ D (b —y)l+e=f (1420~ (z +y))' '
1/p
b ()\ a, 8, = m)fp( ) dx
= K
(x —a)-D -1 - 2)0-r=DE-D(1+q—x)L-2
b
1
“\J G- b - y)FeD
—1/q P 1/q
/ F(A7.6:55) " f@)
X / — 17Ad:c dy
l4+a—-y) s I+a—2)""*(1+4+2a— (z+y))

which implies

b

—1/q
’ 1 F ()\77757 1f_;iy) f(ilf)
/ )=o) (ta—0) / A1 l Tdr | dy
—a) (b—y) S (I+a—-y) @ (14+2a—(z+y))

b

o F(Aa,B 155 (o) de
= / (x — a)(V—l) (P—l)(b — x)(‘s—V—l) (P—l)(l +a— ;C)l—k ’

a
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