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Abstract In this paper we introduce the concept of smoothness of the space X x V'(z), where (X, ||.,.]|)
is a linear 2-normed space and V(z) is the space spanned by some z € X, in terms of the bilinear
functionals on X x V(z). We characterize smoothness in terms of the normalized duality mapping and
in terms of the Gateaux differentiability of the function  — ||z, z|| .

Key Words Linear 2-normed space, Normalized duality mapping, smoothness, Gateaux differentiability

MSC 2010 46G25, 46T20

1 Introduction

After the introduction of the concept of linear 2-normed spaces and 2- metric spaces by S.Géahler
through his papers [9, 10] in 1960’s, the subject has got attention of many mathematicians like Y.J.Cho,
C.R.Diminnie, R.W.Freese, A.White, S.S.Dragomir and they developed extensively the geometric struc-
ture of linear 2-normed spaces [1, 2, 3, 5, 6, 11]. Studies of linear 2-normed spaces are still intensive and
updating the subject with new concepts. The smoothness related concepts are well known in normed
linear spaces.

Our interest here is to study the concept of smoothness in the setting of linear 2-normed spaces.
We introduced the smoothness in terms of the linear 2-functionals and we revealed that the concept is
equivalent to the univocalness of the normalized duality mapping and the Gateaux differentiability of the

function which maps = — ||z, z||.

2 Preliminary Notes

The concept of 2-norms on a real linear space X of dimension greater than one, is introduced in [9],
as a 2 dimensional analogue of a norm, and is defined as a real valued function ||., .||, defined on X x X
satisfying the following conditions:

For all z,y,z € X and a € R,
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N1. |jz,y|| = 0 if and only if = and y are linearly dependent,
N2z, yll = lly, =l ,

N3. [laz, y|| = |af[z, y[land

N4,y + 2| < [,y + [, 2]

[\

The pair (X, ||.,.]|) is called a linear 2-normed space.
A simple and standard example of a 2-norm is the 2-norm ||., .|| on R?, defined by ||a, b|| = |a1ba—azb1 |
where a = (a1,a2),b = (b1,bs) € R%. Geometrically this is the area of the parallelogram determined by

the vectors a and b as the adjacent sides.

If the limit lims_q Hxﬂyziw exists, we say that the 2-norm ||.,.|| is Gateaux differentiable at
(x,z) in the direction y.

We recall the concept of normalized duality mapping in normed linear spaces and some of its prop-
erties. Let (X, |.]]) be a normed space and X* be the dual space of X ( the set of all bounded linear
functionals on X). Then the notion of normalized duality mapping J : X — 2% which is defined by
J(z) = {z* € X* : 2*(z) = ||z|? and |lz*|| = ||z|}, is well known. A section .J of .J is a function from
X — X* satisfying the condition J(z) € J(z) Yz € X (see [4]). A normed space is smooth at 0 # = € X,
if there exists a unique bounded linear functional f on X such that f(x) = ||z| and ||f]] = 1 and X is
said to be smooth if it is smooth at every of its non zero point. The characterizations of smooth normed

spaces are well known (see [4, 10]).

Theorem 2.1. (¢f.[8]) Let X be a normed space and xy € X with ||xzo|| = 1. Then the space X is smooth

at zo if and only if the normalized duality mapping at xo, J(xo) contains a unique element in X*.

Definition 2.2. Let (X, ||.,.||) be a linear 2-normed space. A function F': X x X — R is called linear
2-functional (or bilinear functional) if for a,b,¢,d € X and «, 5 € R, we have
(i) Fla+b,c+d)=F(a,c)+ F(a,d) + F(b,c) + F(b,d),
(ii) F(aa,pb) = afF(a,b).
A bilinear functional F on (X, ||.,.||) is called bounded if there exists M > 0 such that |F(a,b)]|
Mlla,b|| ¥V a,b € X. If F is bounded we can define norm of F' by ||F| = inf{M : |F(a,b)]
Mlla,b|| V a,b e X}.

<
<

3 Normalized Duality Mapping and Some Basic Properties

We start with the definition of normalized duality mapping which is in fact derived from the duality
mapping defined in [5], and discuss some of its basic properties, which enable us to define sections of a

normalized duality mapping as bounded bilinear functionals on X x V(z).

Definition 3.1. Let (X, ].,.||) be a linear 2-normed space , z € X. Suppose X[ denotes the set of all
bounded linear 2-functionals on X x V(z). The mapping J, : X x V(z) — 2X1 defined by

Jo(w,2) = {F € XI : F(z,2) = ||z, 2||* and | F|| = ||, 2|}

is called the normalized duality 2-mapping on X x V(z).
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Theorem 3.2. Let (X,].,.]|) be a linear 2-normed space J, be the normalized duality mapping on X x
V(2). Then J,(x,z) is a non empty convex subset of X for every (z,2) € X x V(z).

Proof. 1f ||z, z|]| = 0 then J,(x,z) = {0}, which is non empty and convex. Assume that € X such that
|z, ]| # 0. Let g : V(z) x V(2) — R be defined by

9z, pz) = Az, 2|
Then g is bilinear on V (2) x V (z) because, if x1 = Mz, 20 = Moz € V(z) and 21 = p12, 20 = poz € V(2).

Then we have

g(z1 + 22,21 + 22) = g((A1 + A2)w, (11 + p2)2)
= (M + A2) (1 + po) |, 2|2
= M|z, 2|2 + Mpollz, 212 + Aopu |2, 212+ Aopua|, 22

= g(z1,21) + g(21, 22) + g(w2, 21) + g(72, 22)

Also
glaxy, Bz1) = gladz, B 2)
= a1 fu g(x, 2)
= afg(z1, 21)
‘We have

l9(@1, 21)] = Al 2]
= Mz, paz| ||z, 2]

= [z, z[ll|z1, 1]

So ¢ is a bounded linear 2-functional on V(z) x V(z), with |g| = ||z, z||. Applying the Hahn- Banach
extension theorem for bounded linear 2-functionals we get a bounded linear 2-functional F' : X xV(z) — R
such that F(z,z) = ||z, z||* and | F|| = ||z, z||. That is F € J,(x, z) so that J,(x, z) is non empty.

To show J,(x, z) is convex, assume Fy, Fy € J,(x,z2).

(i.e, Fi(z,2) = ||z, 2||* and ||F1| = ||@, z||; Fo(w,z) = ||z, 2|* and |[F2|| = ||z, z]|.) Now for 0 < A < 1, we
have (A\Fy + (1 — \) ) (w, 2) = ||z, 2|2
For ||z, z|| # 0,
x
<AFL + (1= N E)| (1)

(Since||F|| = sup{|F(x, z)|; ||z, || = 1})

Also
[IAFL 4+ (1= N | < A[F1]| + (1= M| F|
= Alz, yll + @ = M|z, 2|
= ||z, 2| (2)
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From (1) and (2) we have |[A\Fy + (1 — N\)Fy|| = ||l@, z||. Thus AFy + (1 — A\)Fy € J.(z,z). Therefore
J.(z,2) is a non empty convex subset of X. O
Theorem 3.3. Let (X,|.,.]|) be a linear 2-normed space and z € X. If J, is the normalized duality

mapping on X X V(2), then J.(\x,z) = AJ.(z,2) VA € R.

Proof. If A = 0 or ||z, z|]| = 0 the result is trivially true. Assume X # 0 and ||z, z|| # 0. We know if
F € X then 1 F € X].
Suppose F € X[ then
FeJ.(\r,z2) <= F(Ar,2)= |\, z||> and |F|| = ||\z, 2|
= AF(2,2) = N, 2l and |F| = |)]||z, 2]
1 1
= TF(@2) = oz and [1F) = . 2]
1
= XFE J.(x,2) <= Fel(z,z).

Therefore J,(Az,y) = A\J.(x,y) O

A similar argument above would yield that J,(x, Az) = A\J,(x, 2) for X € R.

Definition 3.4. (Section of normalized duality mapping) Let (X, ||.,.||) be a linear 2-normed space and
J.. be the normalized duality mapping on X x V(z). Then a section .J, of .J, is a map from X x V(z) — X
satisfying J,(z,z) € J.(z,z) Yz € X.

Theorem 3.5. If S.(X) denotes the unit sphere in X x V(z) given by S.(X) = {(z,2) : ||z, z|]| = 1}.
Then the following are equivalent:

(1) Every bounded linear 2-functional attains its norm on S,(X). i.e, for F € X] there exists
(x0,2) € SL(X) such that F(xo,z) = || F|

(2) Given F € X there exists (v,2) € X x V(z) and a section J. of the normalized duality mapping
J. such that F = J,(z, 2).

Proof. Assume (1) and let F' € X]. Then there exists (zq, 2) € X x V(z) with ||zo, 2| = 1 and F(xo, z) =
£ (1)
Let (x,2) = (|| F||zo, z). We claim that F € J,(z, z).
Now
F(a,z) = [|[F|[F(x0, 2)
= ||F||* = ||z, 2||*, from(1) and by the choice of (z, z)
and | F[| = [z, 2]

Therefore there exists a section J, of .J, such that F = jz(:zr, z).

Next we prove the converse part. If F' = 0 then for any point (z, z) € S.(X) we have F(z,z) = ||F|.
Assume that for every 0 # F € X1 there exits (z,2) € X x V(z) with ||z, z|| # 0 such that F = J,(z, 2).
Then for (u, z) = (ﬁ,z) € S.(X),

1 1 12

F(a,2) = —— |,z

EX [l 2]
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= [l 2l = | Fl

This proves the theorem. [l

4 Normalized Duality Mapping and Smoothness

In this section our objective is to define the smoothness of the space X x V(z) and to establish
the equivalency of the definition with the Gateaux differentiability of the semi norm p,(z) = ||z, z|| and
uniqueness of section of the normalized duality mapping. At the end we characterize the smoothness of a

linear 2-normed space X in terms of the differentiability of the semi norms p,(z) = ||z, 2| for all z € X.

Definition 4.1. Let (X, ||.,.]|) be a linear 2-normed space and let (z, z) € X x V(z) such that ||z, z|| # 0.
We say that X x V(z) is smooth at the point (x,z) if there is a unique bounded linear 2-functional
F € X such that F(z,2) = ||z, z|| and ||F|| = 1. The space X x V(z) is said to be smooth if it is smooth
at every (z,z) € X x V(z) for which |z, z|| # 0.

Theorem 4.2. Let (X, ||.,.||) be a linear 2-normed space and z € X. Suppose xog € X be such that
llxo, z|| # 0. Then the following are equivalent:

1. X x V(z) is smooth at (o, z).

2. J.(xo,2) contains a unique element. In other words any section of the normalized duality mapping

J. assumes the same 2-functional at (xg, z).

Proof. Let X x V(z) be smooth at (xg,z). Let Fy # F» € J,(z0,2). That is Fy(zo, 2) = ||(x0, 2)||*> and
I3 = [I(zo, 2)[I; Fa(wo, 2) = [[(wo, 2)[|* and ||F2|| = || (xo, 2)||. ]

Then f; = mFl and fo = H;‘—QHFQ are in X[ such that fi(zg,z2) = H;IHFl(xo,z) = HH((IIEOUZZ))HH =
I(xo, 2)|| and || f1|| = 1. Similarly fo(xo,2) = ||(z0, 2)|| and || f2]| = 1, which contradicts the smoothness
of X x V(z) at (zg, z). Therefore (1) = (2).

If X x V(z) is not smooth at (xg,z) then there exist two bounded linear 2-functional f; and f,
such that f1 # fo and ||f1]] = || f2]l = 1 and fi(x0,2) = fa(xo,2) = ||x0, 2|. Take Fy = ||z, z||f1 and
Fy = |lzo, 2| fo. Then Fi(zo,2) = [zo,2[1%; [[F1]| = llzo, 2] and Fa(zo,2) = [zo, 2[1% [[F2]| = [z, 2],

implying that J,(xo, ) is not singleton. So (2) = (1). O

Lemma 4.3. Let (X, ||.,.||) be a linear 2-normed space and F : X x X — R be a bounded linear 2-
functional on X. Let ¢ # 0 be in X. Consider the quotient space X. = X/V(c) with norm given by
(@)l = ||z, ell, where (x). = x+ V(c) € Xc. Define Fr. : X, — R by Fo((x).) = F(z,c). Then F, is a

bounded linear functional on X..
Proof. First of all we show that F. is well defined. Let (). = (y).. Then
x—y€eV(c)= F(z—y,c) = F(ac,c) for some o € R
= [|[F(z -y, o) < [[Flllac,c[ =0
= F(z,c¢) = F(y,c)
= Fe((2)e) = Fe(()e)-
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F, is linear because:
Fe((2)e + (y)e) = Fe((z +y)e) = F(z +y,¢)
= F(x,c) + F(y,¢) = Fe((@)e) + Fe((y)e)
and Fa(z).) = Fe((ax).) = F(az,c)
=aF(z,c) =aF.((z).).

F,. is bounded for:
IFell = sup{[Fe((2)e)] = [[(2)e) | < 1}
= sup{|F(z, )| : [lz, c]| <1}
< -

O

Lemma 4.4. Let (X,|.,.||) be a linear 2-normed space and 0 # ¢ € X. Suppose x € X is such that
|z, ¢l £ 0. If X x V(c) is smooth at (x,c) then the normed space X. is smooth at ().

Proof. Suppose X, is not smooth at (z).. Then there exists F,. and G, in X such that F. # G.; F.((z).) =
@), [|Fell = 1 and Ge((2)e) = [[(@)e )], [|Gell = 1 with [z, ¢[| # 0.
Define a bounded linear 2-functional ' on X x V(c¢) by

F(z,c) = FC((x)C)

Then  F(z,¢) = [[(2)c]| = [l c].

Hence |F|| = inf{k : L& < 1 vz € X} < 1. As in the proof of lemma 4.3 we can prove that

llzcll

IFe]l < [|[F|. Thus we have ||F|| = 1.
Similarly we can find a G € X corresponding to G, satisfying

G(z,c) = [[(x)c]| and [|G]| = 1.
Which contradicts the smoothness of X x V(c) at (x,c). Therefore X, is smooth at (z)e. O

The lemma follows, justifies the convergence of sequence of certain sections of normalized duality

mapping, if the underlined space is smooth.The proof goes in line with the proof provided in [8].

Lemma 4.5. Let (X, ||.,.]|) be a linear 2-normed space and 0 # ¢ € X. Let X xV(¢) be smooth and (x,,) be
a sequence in X such that ||z, c| = 1Vn € N. Let (F},,) be a sequence in X[, with F,, (v, c) = ||(zn,c)||? =
1 and ||F.|| = 1. If ||lzn, — xo,¢|| — 0 as n — oo then for all x € X, (F,(x,¢)) — F(x,¢) as n — oo,

where ||z, c|| =1 and F € X} which satisfies F(xo,c) = ||zo,c||> =1 and | F|| = 1.

Proof. Consider X, = X/V(c). As X x V(c¢) is smooth we have by lemma 4.4, X, is smooth. Define
F,, : X.—Rby F,. ((z).) = F.(z,c) Vn € N. Then by lemma 4.3, (F,_) is a sequence of bounded linear
functionals on the smooth normed space X, satisfying F,,_((xn)c) = |(zn)c]|? = 1 and ||Fy,, || = [[(20)c]] =
1 and ((xy).) is sequence in X, such that (x,). Il (x0)e- We claim that F,,, — F, in the weak-star

topology (X, X.) of X, where F. € X satisfies F.((z0)c) = ||(z0)c]|? = 1 and || Fe.|| = ||(x0)c]| = 1.
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We assume the contrary that (F,_ ) does not converge to F. in o(X}, X.). Then there exists a
neighborhood U of F, in o(X [, X.) such that the exterior of U contains infinite number of terms of the
sequence ([}, ). We denote these terms by F,, , k € N. Since the unit ball in the dual space X is
o(X7, X.)-compact (by the Banach- Alaoglu theorem), (F,, ) has a sub sequence ([, ) which converges
to linear functional G, in the topology o (X, X.), with ||G.|| < 1. Also we have,

Ge((20)e) — 1] = |Ge((w0)e) = Fi,, ((Tn,)e)]
<Ge((wo)e) = Fuy, (20)e)| + [ Fny, (20)e) = Frg, ((2ng)e)]
<Ge((wo)e) = Fuy, (o))l + 1 Fng, (o) e = (2ng)ell
=1Ge((z0)c) = Fu,, (o)) + [[(z0)e = (zn, )ell-

As ¢ — 0 the right side tends to 0, and so G.((zg).) = 1. Therefore ||G.|| = 1. Thus G, and F, are
two bounded functionals on X, satisfying the conditions F.((z0)c) = |[(z0)cl|? ; ||Fell = [[(w0)| and
Ge((z0)e) = [[(m0)e]|? 5 |Gell = ||(x0)c]|, we infer that they are in J((z¢).). As X. is smooth by theorem
2.1, J((z0)c) is singleton and so F, = G.. Which contradicts the existence of the neighborhood U. Hence
(Fn.) = Fein o(X7, Xc).
te, Fo ((2)e) = Fo((2)e) V (2)e € X
or F,(z,¢) — F(z,c) VeeX

Where F € X is such thatF((zo,¢) = (20, c||* = 1 and ||F|| = ||(z0,¢|| = 1. O

The following remark is an immediate consequence of the above theorem.
Remark 4.6. Let(X,]|.,.]|) be a linear 2-normed space and X x V(z) be smooth. If (z,,) is a sequence in
X with the property that ||z, z|| = 1 and ||z, — 20, z|| — 0, then we have .J (2, 2)(z, 2) — J.(x0, 2)(x, 2)
for all z € X.

Theorem 4.7. Let (X, ||.,.||) be a linear 2-normed space and (xo,z) € S.(X). If X x V(z) is smooth,

then the Gdteauz derivative of the function x v ||z, z|| at x¢ exists in any direction y € X.

Proof. Assume that X x V(z) is smooth. Let (z,,) be a sequence in X such that ||z,,z|| =1 V¥n € N and
|2n — o, 2|| — 0 as n — co. Let J. be a section of J,. Then we have .J. (2, 2)(2n, 2) = ||zn, z||> = 1
and || J(zn, 2)|| = ||2n, 2] = 1.

By remark 4.6 for all z € X, we have

Jo (2, 2)(x,2) — jz(aro,z)(x,z) as ||z, —xo,2]] — 0 (1)

For t # 0 and y € X we have,

1
[0 +ty, 2|l — ||lzo, 2| = (o, zllllzo + ty, 2|l — llo, 2[|*)
|20, ||
1 ~
> (J o, 2)(xo + 1y, o, 2 2)
Z Toor7l = (20, 2)(wo + ty, 2) — |20, 2

(o e(zo, 2) (o + ty, 2)] < | a0, ) 120 + ty, 21
(w0, 2)(y, 2)

o, 21
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1 < ||‘T0 + ty72|| - H.’I]Q,Z”

Then for ¢ > 0, J. (0, 2)(y, 9
en for T (20, 2)(y,2) < ; (2)
On the other hand we have,
”‘TO + ty,z|| — Hx072” 1 2
t ton-l-ty,zH (Hx0+ y”Z” Hx0+ yquonv'Z”)
1 -
= ——— (Jo(®o + ty, 2)(x0 + ty, 2) — ||x0 + Ly, 2 x,z)
oty (@0 2) (o + ty.2) = o+ ty, o, 2|
1 = -
=————~(J.(xo + ty, 2)(x0, 2) + tJ. (o + ty, 2)(y, 2) — ||xo0 + ty, 2 x,z)
oy (oo & :2) (w0, 2) + 0o + 1y, 2)(y,2) = o + 1y, 2o, 2|
1 ~
< —tJ. (xg+ty, 2)(y, 2
S g+ g2 0 2 02)
(. 1z (o + ty, 2) (w0, 2)| < |1x (20 + ty, 2)|ll|zo. 2]))
[zo + ty, 2[| — llzo, 2| _ 7, o +ty

< J(

(————2)(y, z) (By theorem 3.3 3
oo+ ty, o W7 B ) ®)

)

t
From (2) and (3) we have

i oo +ty, 21 = o 2l _ 5, ot ty
J < < J 4
Z(x072)(y72) X t ~ Z(on +ty,ZH,Z)(y,Z) ( )
Let x; = % Then ||z, z|| = 1 and 2y — xo as t — 0. By taking ¢ — 0 and using (1), (4)
becomes,
= . xo + ty, z|| — ||To, 2 ~
To(o,2)(w.2) < tim 10X A N00E] 7

The right Gateaux derivative of the function x — ||z, z||, at zo in the direction of y is given by

1 _ e llzo £ty 2] — (o, 2
Difan (W) = tli%1+ t

= jz(x(% Z)(yv Z)

The left Gateaux derivative of the function x — ||z, z||, at z¢ in the direction of y is then given by,

1 o o +ty, 2| = o, 2|
Di[z"’z] (v) = tlir(r)lf t
— i Mmoo =ty 2]~ llzo, 2]
0+ t
= _D}’_[IU)Z](_y)

= _jz (IO, Z)(_yv Z)
= jz(.%'o, Z)(yv Z)
= D-ll-[wo,z] (y)

Therefore the Gateaux derivative of the function x +— ||z, z|| at xo in any direction y exists and the

derivative is given by
D[lwo,z] (y) = jz (xov Z)(y, Z)

This complets the proof. O
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Theorem 4.8. Let (X,||.,.]|) be a linear 2-normed space and 0 # z € X. If the Gateauz derivative of
the function x v ||z, z|| at x € X with |z, z| # 0, in any direction exists, then the normalized duality

mapping J, at (x,z) is singleton.

Proof. For ||z, z|| # 0, consider (g, z) = (727> 2)- Then we have lzo, z|| = 1. Assume that the Gateaux
derivative of the function = — ||z, z|| at x exist, in any direction y € X. For ¢ > 0 and for every section
J.. of the normalized duality mapping J., we have from the inequality (2) in the proof of the theorem 4.7
that

~ X +t 2| = ||xo, 2
To(wo,2)(y. ) < ot o2l = zo

Which implies for s < 0,
20 + sy, z[| — [lzo, ||
s

< jz(x‘)v Z)(yv Z)

As the Gateaux derivative of the function x — ||z, z|| exists at o, from the above two inequalities we get

the Gateaux derivative of the function x — ||, z|| at g, in the direction of y,

Diyy1(y) = J=(x0,2)(y, 2). (4)

Suppose J,(zg, z) contains two distinct functionals F and Fy and jzl and jf be the sections of J, such
that J!(zo,2) = F; and J2(z0,2) = Fy. Then from the relation (4) above we have J!(z¢,2)(y, z) =
jg(xov Z)(yv Z)

ie, Fi(y,2)=F(y,z) VyeX. (5)
As F1, Fy € XI, the above equation implies Fy = Fy. Thus J, (7, 2) is singleton. O
Corollary 4.9. Let (X, ||.,.||) be a linear 2-normed space and z € X. Then the following are equivalent:

(i). X x V(z) is smooth.
(ii). The normalized duality mapping J, at (x,z) is singleton for each x € X.

(#ii). The function x — ||z, z|| Gateauz differentiable at any point x € X with ||z, z|| # 0, in any direction.

Proof. Let X x V(z) be smooth and suppose x € X such that ||z, z|| # 0. Consider (z¢, z) = (> 2)-
Then we have ||z, z|| = 1. By theorem 4.2, we have the following are equivalent:
(1) X x X is smooth at (xg, 2);

(2) the normalized duality mapping J, at(xg, z) is singleton.

By theorem 4.7, (2) implies that the Gateaux derivative of the function = — ||z, z|| at x exist, in any
direction.

The implication of (ii) by (éii) follows from theorem 4.8.

The equivalence of (i), (i¢) and (4i7) are then followed from the facts that z € X with ||z, z|| # 0 is

arbitrary, (xg,2) = (Hxﬂ”—yn,y) and ||z, z||J.(z0, 2) = J.(x, 2) . O
Theorem 4.10. Assume (X, ||.,.]|) be a linear 2-normed space and z € X. Then the following are
equivalent:

(i). X xV(z) is smooth.
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(ii). For any section J. of the normalized duality mapping J. on X x V(z) and Yx € X with ||z, z| # 0,

we have
lim J. (x + ty, 2)(y,2) = J.(2, 2)(y,2) Wy € X (1)

(iii). For all x € X with ||z, z|| # 0, we have,

lim jz(x T ty,z)(x,,z) — jz(xvz)(‘rvz)

lim t — J.(@.2)(12) @

Proof. Using the inequalities (4) in the proof of the theorem 4.7, for all x € X with ||z, z| # 0 and t > 0

we have,

~ T |z + ty, || — ||z, 2]| ~ T +ty

J:( 2)(y,2) < " < Jz(m,z)(y,z) Vye X (3)

lz, 2]’
In the inequality (2) in the proof of the theorem 4.7, changing x by x + ty we get the inequality

lx + 2ty, 2| = ||z + ty, =]

(), 2) < t &

Sl
Tov el
From (3) and (4) we have,

1 <1 J(——. 2)(y, 2
Jim ; < B Sy A D)
B e R
= t—0+ t
R e
t—0t+ ’ 2t
R e
t—0t t
B e e
s—0+ ’ S
R e I e
t—0t t
o Szl = 2]
t—0+ t '
Therefore we get,
t - ~ t
T Ll T el % R T O kY (5)
t—0+ t t—ot lz +ty, 2|

Assume (7). Then the Gateaux derivative of the function x — ||z, z|| at x exists in any direction y € X

and so (5) becomes,

. ~ T+ 1ty
D1 =1 Jz ) )
ie, |z,z|| D, 4(y) = Jim Jo(@ +ty, 2)(y, 2) (6)

Replacing y by —y in (6), we get

|z, 2|l D[lx,z](_y) = tl_i}%lJr jz (z —ty,z)(—y, 2)
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=— i jz — ’ )
Jim . (z —ty, 2)(y, 2)

L Jim T — 1y, 2)(y,2) = ||, 2l D, (y)

ie, lim J.(z+sy,2)(y,2) = |2, 2| Df, () (7)

s—0~

It follows from (6) and (7) that lim, .o J.(x + ty, 2)(y, z) exists and that

lim J. (& + ty, 2)(9,2) = |, 2| D, (v) ¥y € X ®)

z,z]

Also from the inequalities (4) in the proof of the theorem 4.7, for all € X with ||z, z|| # 0 and s < 0

and t > 0 we have,
o +ty, 2| —|lo, 2| _ 5, = =+ ty, z|| — ||z, ||

. < T ) 5) < t ©)

Letting s — 0~ and ¢ — 0% in (9) and using the smoothness of X x V(z) at (x, z) we have,
2, Il Dy 1(y) = (2, 2)(y, ) (10)
From (8) and (10)we get
%1_1% J(x+ty,2)(y,2) = J.(x,2)(y,2) VyeX

Thus (i) implies (74).

Next we prove (i¢) implies (7). From (3) we have,

o ety 2l = 2

lim J.(———,2)(y,2) < 1
Jm T ) < i
< lim j(Lﬁy 2)( Z) Yy € X (11)
\t—>0+ Z Hx—i-ty,z”’ Y,z), VY
Using (1), (11) becomes
Ma, o 77 S Py
s,
JZ( 72)(y72)
[, 2|
Also using (12) and bilinearity of .J, we have,
Di[m z](y) }F[t z]( y)
(o )(=9,2)
llz, 2|
=,
= J.( ,2)(y, 2)
[z, 2|
=Di, )
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That is D}

|z,z

](y) exists for all y € X and

Dl () = (=, 2)(v. 2) (13)

I, 2||”

Since x € X is arbitrary with ||a, z|| # 0 by the corollary 4.9, X x V(z) is smooth.
Next we claim that (i) implies (¢i7). We have, for x € X and t # 0

Iz +ty, 22 = |z, 2> Ja(z+ty,2)(@ +ty, 2) — L2, 2) (=, 2)
t - t

J.(x + 1y, - T@2) o2 4 ol + ty,2) 3, 2) (14)

= (
Assume that X x V(z) is smooth at (z, z). Then

[z + ty, 2]|* = ||z, 2|]?
t
- }H% jZ (I + tya Z)(ya Z)

lim(JZ(x +ty,z) — J.(x,2)
t—0 t

)(, 2) = lim

. . e +ty, 2| — ||, 2 ~
= tim o+ 19, 2] + [l 2. tim I F IR E 7 g

= 2|z, 2| Dfy 1 (y) — I (@, 2)(y, 2)
= J.(z,2)(y,z) from(13).

Thus (i4i) holds. Conversely assume that (ii¢) holds. Now

|l +ty, 2] — |, 2
2Hxvz||D}r[x,z](y) = lim

t—0t t
. jz(x—i-ty,z)—jz(x,z)
= lim( ; )(, 2)

+ lim jz(a: +ty, 2)(y, 2)
t—0+

— jz(:v, 2)(y,z) + th%l+ jz(:v +ty, 2)(y, 2)

1

L(2.2)(y.2) + 2. 2| DY, (), using (6).
e, 2D}, () = o2 2)(w, 2).

Also

o 21D () = N,z DL, (~9)
= —J.(z,2)(~y, 2)
= J.(2,2)(y, 2)
— .2 DL ()

H.’II, Z”le[z,z] (y) = H.’II, Z”‘D}r[x,z] (y) Vy € X.
Thus the 2-norm is Gateaux derivative of the function x +— ||z, z|| at z, in any direction y € X. Invoking

the corollary 4.9 again, we could see that X x V(z) is smooth. O
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We follow the definitions of smoothness of a linear 2-normed space, as given in [11] and characterize
the smoothness in terms of normalized duality mapping on X x V(z) and Gateaux differentiability of the

semi norm z — ||, z||.

Definition 4.11. (see [11]) A linear 2-normed space (X, ||.,.]|) is said to be smooth for  # 0 in X and

z ¢ V(x) the 2-norm ||., .|| is Gateaux differentiable at (z,z) in any direction of y.

Lemma 4.12. (¢f [11]) Let (X,]|.,.]]) be a linear 2-normed space and (X.,|.||:) for fixzed non zero
element z in X. Then the 2-norm is Gateaux differentiable at (z,z) in the direction of y if the norm ||.||.

is Gateaur differentiable at (x), in any direction (y)..

From the above lemma it follows that the 2-norm ||.,.|| is Gateaux differentiable at (x,z) in any
direction of y if and only if the semi norm z +— ||z, z|| is Géateaux differentiable at = in any direction y.

Thus we have the following theorem:

Theorem 4.13. Let (X, ||.,.||) be a linear 2-normed space. The following are equivalent:
1. X is smooth.
2. J.(z,z) is singleton for all z,z € X.

3. The semi norm x — ||z, z|| is differentiable in any direction y € X for all z ¢ V(z).
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