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Abstract In the computation fractal dimension of level sets of Rademacher series which is induced by
sequences on complex plane with general term tending to zero, the convergence of the Rademacher series
must be needed for some real number belongs to [0, 1]. In this paper, a polynomial algorithm algorithm
with the order of complexity O(n) is established to get a convergent series from such a sequence on
complex plane with each term multiplied by a random variable where all random variables are independent

identically distributed.
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1 Introduction
The Rademacher functions R, (x)(n > 1) are defined by
R, (z) = sgnsin(2" ),

where sgnz = —1,0 or 1 according to z < 0, z = 0 or z > 0. And call the series S(z) = >~ | anRy(z)
the Rademacher series, which is a spacial Weisertrass-typed series. Weisertrass-typed series has a colorful
history, known as a continuous non-differentiable function as well as a classical fractal function. Consid-
ering Hausdorff dimension of the level sets[1,2,5] of such series, we need the convergence of those series.
Fortunately, a special case of a result of Kaczmarz and Steinhaus[3] shows that if {a,} (n =1,2,...) is

a sequence of real numbers with
o0

Z la;| = +00, and a; — 0, (H)

n=1
then the Rademacher series assumes every preassigned real value ¢ (cardinal number of the continuum)

times for x € (0,1), i.e., A, = {x € (0,1) : S(z) = r} has a cardinality ¢. However, if the real sequence
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{an} is replaced by a complex sequence {c¢,}, set A, might be an empty set. So we ask naturally can we
find some real number r such that A, is a nonempty set.

There is another motivation for this paper. It is known that a conditional convergent series can
converge to each real number if it is rearranged the summational order. When we don’t change the
summational order but make each summational term a, multiplied by a random variable &, with all
variables being independent identically distributed, can we make sure that the series >~ | a,&, converge
for some {&,} € {—1,1}", where {a,} satisfies condition (H)?

Since the order of complexity for an algorithm is very important[4], to make sure that the Rademacher
series converge we would like find a polynomial algorithm. In this paper, we will establish an algorithm
by which, for any complex sequence {¢,, }, one can find an according = € (0, 1) such that the Rademacher
series Y ° | ¢, Ry () converges. This algorithm is a polynomial algorithm with the order of complexity

O(n).

2 Notes and lemmas

Let X5 be the symbolic system []>7,{—1,1}, and let d be the usual metric on X, defined by
d(z,y) = 27™ with m = min{n : x,, # y,} for  # y, where z = (z,,) and y = (y,) belong to ,.

This paper always assume that =, x,,yn, w, € {—1,1} and that complex number ¢ is with form
c¢=(a,b) =a+1b, a,b € R. In term of ¢ € C, its norm is defined by ||c|| = max{|a|, |b|}. For a sequence
{¢n}, its norm is defined by [|{c,}||s = sup,, ||cn]|-

Definition 2.1. Let {c,})_; be a sequence in C. Say it is of type one if ||{c,}||s < 1 and there is some
1 < n < N such that either |lc, + cpy1|| < 1 or |le, — cnr1|l < 1 and say it is of type two if ||[{c, }||s < 1

and it is not of type one.
Lemma 2.2. Suppose S = {c¢, = a, +ib,}>_, be a sequence of type two in the complex plane. Let
Tn,j = (—1)t"sgn(ajaj+n_1),n =1,2,3,4,
and Cj = S0 n jensjo1, § = 1,2, where
(t1,t2,ts3,t4) = (0,1,1,0).
Denote P(S) = {C1,c5} or {c1,C2} according to ||C]| <1 or = 1. Then ||P(S)]|s < 1.

Proof. Here we only show ||Cs2]] < 1 when ||Cy]| > 1. For j = 1,2, denote
4 4

Aj = an,jan-i-j—lv Bj = an,jbn-i-j—l'

n=1

n=1

Then, by the type of .S, we have
|1Bj| = |1bj] + [bj1] = [bj2] — [bjsal| < 1
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and sgn(a;)A; = |aj| — |aj41] — |aj2] + |aj3] < 1 for j =1,2. If |A1| > 1, then sgn(a;)4; < —1. On

the other hand, we have
sgn(a1)Ar + sgn(az) Az = [a1| — 2|as| + |as| > -2,
implying sgn(az) Az > —1 and so |Az| < 1 since Az < 1. O
Let S ={c1,ca,...,c5} with norm less than one. If S is of type one, denote

T(S) = min{n : {cn,cnt1} is of type one},
M(S) = {wn}ns,
P(S)=Ac1,- ., em + WmiiCmit, - 55, m=T(S),
where w,, = 1if n # T(S)+ 1 and w,, = —1 or 1 according to ||¢,, + ¢py1]] = 1or < 1if n=T(S)+ 1. If
S is of type two, denote
{z11,221,231,241,1}, ifP(S)={C4,s5};
{1,212,%22, 32,242}, ifP(S)={s1,Ca},

M(S) =

where z, ; and C; are given by Lemma 2.2. For stating our idea clearly, we give an example as follow:
Example 2.3. Let S; = {ci}5_,, i =1,2 be defined by

n=1’

Sy = {5+ .7, —.6+ .4i,.7+.9i,.92 + 83i,.1 + .4i},
Sy = {.02 — .6,.99 + .5,.99 — .7i, —.03 — .8i,.98 — .Ti}.

Then S1 is of type one while Sy is of type two, and

M(S1) = {1,1,1,-1,1}, P(S1) = {c}, b, ¢} — ¢}, ct},
M(S2) ={1,1,—1,1,1}, P(S>) = {ci,c3 — &} + cf + c2}.
3 Main results

Theorem 3.1. Let {c,})_; be a sequence in C with norm less than one. Then there exists another

sequence {x, }N_, such that for any integer number 1 < n < N, we have
n

| > e
Jj=1

Proof. If N < 4, then {z,, = 1})_, is a desired sequence. So we will show the conclusion is true when
N > 4.

<5. (3.1)

Let S = {s,}>_; be the first five terms of {c,} and A\g = 5. Denote {wl}>_, = M(S) and
A1 = min{A\g + 1, N}, {c}}2_, = P(S) if S is of type one or \; = min{\g + 3, N}, {c}}2_, = P(9) if S

is of type two. Suppose that {wF=1}2_, {ck}"  and \; are given. Let S = {s,}>_, be the first five

n n=1» n=1

terms of the following sequence
{le,...7Cflk,c)\k+1,c)\k+27...,CN}. (3.2)

519



C. Liu: A polynomial algorithm to get convergent series with general term tending to zero

Put {wk}>_| = M(S) and A\py1 = min{\, + 1, N}, {EF112_ = P(9) if S is of type one or A\pr1 =
min{\, + 3, N}, {cE+1}2_, = P(S) if S is of type two.

This definition process would be stopped if the number of terms of sequence (3.2) (denoted by Ny) is
no more than four for some k and must be stopped for some k since { Ng = N, Ny,..., N} is a decreasing
sequence and N < +oc.

Now we assume k is the desired number, that’s N < 5 and Np_; > 5, while A\, = N. Denote
the sequence defined in (3.2) by {c*}2%, and let w* = 1 for 1 < n < Ni. Fixed 1 < n < N, we will
define the coefficient xz,, of ¢,,. If n > A\p_1, let x, = 1. Now we consider the case n < Ar_;. From
the definition of 03'7 j < ny, we know there are two integer number m; = mq(j,4), ma = ma(j,4) and

Winy s Wing 415« -, Wiy € {—1, 1} such that

M2
= E wiCy.

l:m1
Denote T = {1 : m1(j,7) <1< ma(j,7)}, where j < n;. Let
io :=io(n) = min{i : n € I'} for some j}.

By the definitions of I';’s and ¢! ’s, there is a sequence {k}]C , such that n € N_; T} . Let z,, = T, wi .

1= l() 1=10 i

From the following two facts that w{ = 1 for any 1 < i < k by the constructlon of wi and
n Nig . n
> wies| <M+ > Nlaesl <.
Jj=1 Jj=1 J=Xig-1
such a sequence {z, }2_; can make the result to be true. O

Theorem 3.2. Let S = {c,} be a sequence in C with ¢, — 0. Then there is an x = (x,) € 3o such that

o0
1> wuen
n=1

Proof. Denote s=|[{c,}||s. There is an increasing integer sequence { Ny = 0, Ny, ...} such that [|c,|| <

< 10[[{en}ls-

2= ks for Nj, < n < Niy1. Foreach k > 1, let {xn}ﬁ[kN it be given by Theorem 3.1 for the sequence
{2ks~ e, J 0 No_ya1- Fix 0 <e <1, set kg = min{k : 275 < e}. Letting n > Ny, and 0 < p € Z, there
are two integers ki, ko with ko < k1 < ka, Nk, <n < Ni, 41 and Ni, <n+p < Ng,41. Thus

n+p n+p n—1
H g TiCill = H €r;C; + g XTiCi — g XTiCi
i=Np, +1 i=Npy+1 i=Np, +1

< 10-27R0g45.27kg 4 5.97kog < 90,

implying that Zn>1 Tncn converges. Using Lemma 3.1 again,

Z |3 e

=0 n=Np+1

H Z Ty Crp < Z 5.2 kg = 10s,
n=1 k=0
so we can end the proof here. O
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4 The algorithm

Now, we give the algorithm by Theorem 3.1. Recall that {c,,}_; is a sequence of complex numbers.

Step 1. Let {x, = 1}2_,. If N < 4, goto Step 7.

Step 2. Initializing. Let i = 0, \; = 5 and S = {sx = cx}o_y = {(ak,br)}o_;. Let Ay = {k},
1< k<5

Step 3. If A5 = (), goto Step 7. If S is of type two turn to Step 4. Let A\;y1 < min{\; + 1, N}.

Denote
m =min{k : ||sg + sp+1|| < 1 or ||sp — sp+1|| < 1},

17 ||Sm+5m+1H < 15

flag =
—1, otherwise.

If flag = —1, set x,, «— —x, for each n € A,,, and put
Am — Am UAm-l-lu
Apike — Aoy, 1 <k <4 —m,

{Nit1}, N> A

A5 —
0, Aig1 = i
Sk, k< m;
sk + flag-sk;  k=m;
S
Sk41, m<k<5;
Chig1s k=5.

Goto Step 6.
Step 4. Let A\;41 < min{\; + 3, N}. Define

t = s1 —sgn(ajasz)se — sgn(aias)ss + sgn(ajag)ss.

If |t|| > 1, goto Step 5. Let wy = —sgn(ajas), ws = —sgn(ajas), ws = sgn(ajays) and let x,, — x,wy if
ne Ay, k=2,3,4. Let

As, k=2;
Ap = q{M+k—2}, 2<k<Api—Ni+2
0, Ais1 — N < k <5.
t, k=1;
S5, k=2

Sk —

Crj k-2, 2<k< g1 —N+2;

CN, Aiv1 — A +2 < k <5,
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Step 5. Let wy = —sgn(azas), ws = —sgn(asay), ws = sgn(agas) and let x,, «— zpwg if n € Ay,
k=3,4,5. Let
Ay — {)\i+k—2}, 2<k< i1 — N+ 2
@, )\i+1_/\i<k<5-

So + 2123 W Sm, k=2;
Sk < § Ca;+k—2, 2<k <A1 — A+ 25

CN, Aiv1 — N+ 2 <k <5
Step 6. Let i — i + 1. Goto Step 3.
Step 7. Output {z,} and end.
5 Conclusion
The algorithm introduced in above section is a polynomial algorithm, of which the order of complexity

is O(N) for a complex sequence {c, }_,.
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