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Abstract The paper studied the criteria and representation of the Drazin inverse of combinations
of two idempotent operators on a Hilbert space. By using the methods of splitting operator’s matrix
into blocks and space decompositions, the existence and calculation formulas of Drazin inverse of the
combinations aP + bQ + c¢P(Q of two idempotent operators P and @ are obtained under the conditions
PQP = 0,PQP = P and PQP = PQ respectively. These generalized the related results of Deng
Chunyuan’s work, which characterized the Drazin inverse of the sum and difference of two idempotents.
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1 Introduction

Let H be a Hilbert space, the set of all bounded linear operators on H is denoted by B(H). For an
operator T' € B(H), N(T) and R(T") denote the null space and the range of T', respectively. An operator
P € B(H) is said to be idempotent if P? = P. If P satisfies P> = P = P* then P is called orthogonal
projector, where P* is the conjugate operator of P € B(H). Let T € B(H), if there exists an operator
TP € B(H) and nonnegative integer k such that

7P =TT, TPTTP =77, TFTP =T*

then TP is called a Drazin inverse of 7. The least integer k such that the above identities are hold is
called the index of T, denoted by ind(T) = k. Specifically, if k = 0, then T is invertible and TP = T~1.
For Drazin invertible operator T' € B(’H), the Drazin inverse TP of T is unique [1].

The set of all idempotents in B(H) is invariant under similarity, that is, if P is an idempotent
operator and S € B(H) is an invertible operator, then S~ PS is also an idempotent operator. Moreover
the Drazin invertibility is also invariant under similarity, that is, if 7" is Drazin invertible and S is
invertible, then S~!7T'S is Drazin invertible and (S~!T'S)P = S='TPT. Two facts are well known on a

Hilbert space, one is that the orthogonal operator P is Drazin invertible and PP = P, another is that
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for any idempotent operator P, there exists an invertible operator S such that S~!PS is an orthogonal
projector [2]. In the following discussion, given two idempotent operators P and @ on H, without loss of
generality, we may assume that P is orthogonal.

The concept of a Drazin inverse was shown to be very useful in various applied mathematical settings
which can be found in references [6, 3, 4, 5].

The problem of finding the Drazin inverse (P + Q) of the sum and difference of two idempotents
P and @ was first considered by Drazin in 1958 in his celebrated paper [7]. Herein, it was proved that

(P + Q)P = PP + QP provided PQ = QP =0.

The general question of how to express (P + Q)P as a function of P,Q, PP, QP without side
condition, is very difficult and remains open [8].

In 2009, Deng Chunyuan extended Drazin’s result to the three different cases
(1) PQP =0; (i1)PQP = P; (iii)PQP = PQ,

see [9]. These cases are useful in several applications, such as in the splitting of operators and iteration
theory. Zhang Shifang and Wu Junde discussed the Drazin inverse of the linear combinations of two idem-
potents in a Banach algebras and represent the Drazin inverse as a function of P,Q, PQ,QP, PQP,QPQ
[10].

In 2010, Zuo considered a special combination aP + bQ — cP(Q of two idempotent matrices over

complex numbers, and obtained that

r(P—Q), whenc=a+b
r(P+ @), whenc# a+0b,

r(aP +bQ — cPQ) =

where r(A) represents the rank of the matrix A [11]. Later, Xie and Zuo found that the Fredholmness,
nullity and index of aP+bQ + cP(Q is independent of choices of scalars a, b, ¢ € C with ab # 0,a+b+c # 0
[12, 13]. After that, Liu, Wu and Yu discussed the group invertibility of combinations of two idempotents
and represent the group inverse as a function of P, Q, PQ,QP, PQP,QPQ [14].

Under the above works, we consider the Drazin invertibility of combinations aP + bQ + cPQ of two
idempotent operators P and () on ‘H. Under the conditions PQP = 0, PQP = P and PQP = PQ, the
representations for the Drazin inverse of aP + bQ + cPQ as a functions of P,Q, PQ,QP, PQP,QPQ are
obtained by using the technique of splitting matrices into blocks and space decompositions.

The following two Lemmas which were proved for a bounded linear operator [15] and for arbitrary

elements in a Banach algebra [16].

Lemma 1.1 Let A€ B(X),BeB(Y) and C € B(YY,X). If A and B are Drazin invertible, then

A C B 0
M - 5 N =
0 B Cc A
are Drazin invertible and
D D
P — A X ND — B 0
0 BP X AP
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where X = (AP)2[S°%° (AP)iCBI|(I — BBP) + (I — AAD)[S>3°  AiC(BP)'](BP)? — APCBP.

Lemma 1.2 Let A€ B(X),B € B(Y) and C € B(Y, X). If A is invertible and B* =0, then

A 0
C B
are Drazin invertible and
-1
D — A 0
X 0

where X = fog BE-1=igAi-k=1,

Lemma 1.3 [1] Let A, B € B(H). Then the following conditions are equivalent.
(i) R(B) € R(A);
(ii) There exists D € B(H) such that B = AD.

2 Main results

Let P and @ be two idempotent operators on the Hilbert space H. For any given a,b,c € C,ab # 0,
we discuss the Drazin invertibility of combinations of aP + bQ + c¢P(Q under some conditions and give
the formula of its Drazin inverse.

Firstly, we consider the problem of Drazin invertibility of aP + b@Q + cPQ under the hypothesis of
PQP =0.

Theorem 2.1 Let P and Q be two idempotents in B(H), and a,b,c € C,ab # 0. If PQP = 0, then
aP + bQ + cPQ is Drazin invertible and (aP + bQ + cPQ)P =

1 1 1 1 c 1 1 1 2 c
GPT3Q- Gyt PR+ QP+ (45 + H)QPQ

Proof. Let P and @ be two idempotent operators in B(H). With out loss of generality, we assume that
P is an orthogonal projector. By Lemma 1.3, the condition PQP = 0 implies that R(QP) C N(P) and
R(QP) C R(Q). Observing that Q(R(QP) ® R(P)) C R(QP), the space H can be decomposed as

H =R(QP) & R(P) & (R(QP)* & R(P)).

Then P and @ can be represented as

0 0 0 I Q12 Qi3
P=101T 0|, Q=10 0 Qua |,
000 0 0 @33

where R(QP) denotes the closure of R(QP). On the other hand, Q% = Q gives that Q3; = Q33 and
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R(QP)* © R(P) = R(Q33) ® R(Q33)*. Tt follows that P and Q can be written as

000 0 I Qi Q3 Qf
PZOIOO’Q:OOQ’QB i
0000 0 0 I Ql
0000 0 0 0 0

under the space decomposition H = R(QP) ® R(P) ® R(Q33)R(Q33)%. The idempotency of Q implies
that

Q53Q33 = Q3, Q12Q5% + Q'3 =0, Q12Q%3 + Q13Q33 = 0.

Direct calculations show that

bLobQie  bQL bQl

al b+c)Q) b+c

o p O+ (b+0
0 0 bl bQYs

0 0 0 0

It is clear that the condition a,b # 0 implies the invertibility of

b bQl
0 al  (b+c)Qhs
0 0 bl

on R(QP) & R(P) ® R(Qs3) and its inverse is

1 1 b
7l —5Q12 — +CQ1

0 ir —2EeQhg
0 0 31
Moreover,
2
1 —1Qu a+b+CQ1 bQY, 3Q0 — (3 4+ 37+ 5)Q13Q%s
0o ir ke (b+c)Qy; | = (3 + 5)Q%
0 0 iy bQYs 1QYs

Applying B = 0 to the formula of representing Drazin inverse of upper triangle block matrix in Lemma

1.1, we have

1 1 tb 1 1,2
I —2Qi2 —FFFQ1 Qs — (5 + 7+ 5)Q1:0Q5;
1

I b+c (1 4 < "
(aP +bQ + cPQ)P = a @ (et ap)@es
0 31 3 Q%5
0 0 0 0
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Moreover, through direct calculations, we have

00 0 0 0 Q2 0 O
00 Q " 0 0 0 0
PQ = R T :
00 0 0 0 0 0 0
00 0 0 0 0 0 0
and

0 0 Q2Q% Q12Q5

0 0 0 0
QPQ =

0 0 0 0

0 0 0 0

Therefore, (aP +bQ +cPQ)” = 1P+ Q- (2 + 3+ 5)PQ - (: + 1)QP+ (: + 3 + 5)QPQ. [

From Theorem 2.1, we immediately have the representations for the Drazin inverse of P + @ and
P — @ under the assumption that PQP = 0, which is the results of Theorem 2.1 of [9].

Corollary 2.1 Let P and Q be two idempotents in B(H). Assume that PQP = 0, then the following
statements hold.

(i)(P+ Q)P = P+Q —2(PQ+ QP) +3QPQ.

(i)(P - Q)P =P - Q- QPQ.

If either of the stronger condition QP = 0 or PQ = 0 is satisfied, then by Theorem 2.1, we obtain

the following results.

Corollary 2.2 Let P and Q be two idempotents in B(H). Then the following statements hold.
(i) If QP =0, then for any a,b € C,ab#0,a+b#0, (aP+bQ)” = 1P+ 1Q - (2 4+ 1)PQ.
(ii) If PQ = 0, then for any a,b € C,ab # 0,a+b# 0, (aP + bQ)"° = %P—I— %Q - (% + %)QP.
Next we give the representations for the Drazin inverse of aP + bQ + ¢P(@ under the assumption
that PQP = P.

Theorem 2.2 Let P and @ be two idempotents in B(H), then for any a,b, c € C,ab # 0, the combinations
aP+bQ+cPQ are Drazin invertible under the condition PQP = P. The Drazin inverses of aP+bQ+cPQ

can be represented as following:
(i) If a +b+c #0, then (aP +bQ + cPQ)P =

a? + ac 1 (b+c)a+c) ab b2 + be

(a+b+c)3P+EQ“L (a+b+c)3 PQ+ (a+b+c)3QP+[(a+b+c)3

(ii) If a4+ b+ c =0, then (aP +bQ — cPQ)P = $(Q — QPQ).

1
- E]QPQ-

Proof. If PQP = P, then P and @) can be written as

P I 0 Q= I O
0 0 Q2 Q3
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under the space decomposition of H = R(P) @ R(P)*. The idempotency of Q yields that Q1Qs =
0,1Q3 = 0,Q3Q2 = 0 and Q2Q1 + Q3 = Q3. Tt follows that R(Q2) € N(Q1), R(Q2) € N(Q3),
R(Q3) € N(Q1). With respect to the space decomposition H = R(Q1) ® R(Q1)* @ R(Q2) ® R(Q2)*,

P and @ can be represented as

I 00 0 I 0 0 Q,
0O I 0 O 0 I 0 0
P = 5 Q: )
0 0 00 Q21 Q22 0 Q3
0 0 0 O 0 0 0 Q32

where Q11Q32 = 0,Q§2 = Q32 and Q21Q11 + Q31Q32 = @31. So, under the space decomposition of
H=R(Q1)P Qo™ ®R(Q2) D R(Q32) ®R(Q32)", the operators P and Q can then be further written as

I 0000 I 0 0 0 T
0O I 0 0 O 0 I 0 0 0
P = 000O0O0]|, Q= Q21 Q22 0 Qf 3 )
0000 O 0 0 0 I QY%
0O 0 0 0 O 0 0 0 0 0
where Q21QY; + Q%5,Q5, = Q%
(i) Ifa+b+c#0, then
(a+b+c)l 0 0 0 (b+0Q%
0 (a+b+e)I 0O 0 0
aP +bQ + cPQ = bQ21 bQ22 0 bQ3 bQ3,
0 0 0 bl bQY,
0 0 0 0 0

Since b # 0, let o’ = ¢,¢’ = 7, then we consider the following combination

(@ +1+)I 0 0 0 (1+4+d)QY
0 (@+1+) 0 0 0
dP+Q+cPQ= Q21 Q22 0 Qyn g
0 0 0 I 4y
0 0 0 O 0
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Let
1+c’
I 0 0 O m 11/1
0 I 0 0 0
S=|0 0 0 I 4o )
0 0 I O 4y
0 0 0 O I
then
1+¢’
100 0 -G
0 I 0 0 0
—1
ST =100 0 I —Q%,
0 0 I O —-QY,
0 0 0 O I
Direct calculation shows that
(@ +1+)I 0 0 0 0
0 (@+1+)I 0 0 0
S(@P+Q+PQ)S™! = 0 0 I 0 0
Qa1 Q20 Qy 0 i @uQN
0 0 0 0 0
It follows from Lemma 1.2 that
(d/P+Q+PQ)P’ =871 (S(@'P+Q+cPQ)S™HPS =
1 1+
@rirey! 0 00 rrey@n
1
m@m szz 0 @y Wf{ﬁ@m@’ﬂ + Q5 Q%
0 0 0 I 4y
0 0 0 O 0
a?+dd 1+)(d +¢ a’ 1+¢
:7P+Q+( I )PQ—i— QP+ - 1]QPQ.

(@ +14 )3 (¢/ +14 )3 (a/ +14 )3 (¢ +14)3

Moreover, since (cT)P = %TD holds for any ¢ # 0 and any Drazin invertible operator T' € B(H). Hence

(aP 4 bQ + cPQ)P = [b(d'P + Q + ¢ PQ)|” = %(a’P +Q+PQ)P =
a? + ac 1 (b+c)a+c) ab b2 + be 1
(a+b+c)3P+EQ+ (a+b+c) PQ+ (a+b+c)3QP+((a+b+c)3 —)ere.
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(ii) f a4+ b+ ¢ =0, then

D
0 0 0 0 —anlll
0 0 0 0 0
(@P+bQ+cPQ)” = | bQy bQss 0 bQs5  bQ3,
0 0 0 bl ngQ
0 0 0 0 0
0O 0 O 0 0
0O 0 O 0 0
1 1
=31 0 00 51 Q50Q% :E(Q_QPQ)'
000 I "
0 0 O 0 0

O
Now we can derive some special cases from Theorem 2.2. These results are those of Theorem 2.3 in
[9].

Corollary 2.3 Let P and @ be two idempotents in B(H). Assume that PQP = P, then the following
statements hold.

(i) (P+Q)” =3P +Q+ 5(PQ+ QP) — {QPQ.

(ii) (P = Q)P =Q(P - 1)Q.

We can also derive some special cases from Theorem 2.2 by the stronger condition PQQ = P or
QP =P.

Corollary 2.4 Let P and Q be two idempotents in B(H), then the following statements hold.
(i) If PQ = P, then (aP +bQ + cPQ)P = &s P+ (afay — $)QP + 1Q-
(ii) If QP = P, then (aP +bQ + cPQ)” = s P + ((afgfc)z - HPQ +1Q.

Next we give the representations for the Drazin inverse of aP + bQ + ¢P(@ under the assumption
that PQP = PQ.
Theorem 2.3 Let P and Q be two idempotents in B(H), then for any a,b,c € C,ab # 0, the combinations
aP 4+ bQ + cPQ are Drazin invertible under the condition PQP = PQ. The Drazin inverses of aP +
bQ + cPQ can be represented as following:
(i) If a +b+c # 0, then (aP +bQ + cPQ)P =
1

a

a C

@+b+02  (atbtop

1 1 1 1
P+7Q+] — CPQ— (- + 3)QP+

b b(b b
R i e e )

(ii) If a +b+c=0, then (aP +bQ + cPQ)P = 1P+ 1Q - LPQ — (2 + 1)QP - LQPQ.
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Proof. If PQP = PQ, then P and @ can be written as

I 0 0
P o=@
0 0 Q2 Qs
under the space decomposition of H = R(P)®R(P)*+. The idempotency of Q yields that Q3 = Q1,Q3 =

Q3,Q3Q2 = 0 and Q2Q1 + Q% = Q2. With respect to the space decomposition H = R(Q1)* @ R(Q1) @
R(Q%) ® R(Q%), P and @ can be further represented as

I 0 0 0 0 0 0 0
o1 00 | Qu I 0 0
_00007Q_Q21OIO,
0000 Q2 Q21 @3 0
where Q21Q11 + @31Q21 = Q23.
(i) Ifa+b+c#0, then
al 0 0 O
WP+ 5O + PO — b+c)Qu1 (a+b+c¢)I 0 0
bQ21 0 bl 0
bQ23 bQ24 bQz1 0
Since ab # 0 and a + b+ ¢ # 0 then the submatrix
al 0 0
b+c)Q11 (a+b+c)I 0
bQ21 0 bl
of aP 4+ bQ + cPQ is invertible and it’s inverse is
ir 0 0
_a(al:rbi-c)Qll a+})+cl 0
—2Qn 0 1
By using the results of Lemma 1.2 we have
ir 0 0 0
(aP + bQ + cPQ)P = “aibra @ el 00 ,
—1Qa 0 i1 0
X WQ% 7Q3 0
where X = —1Qy3 + [L + % - %]QWLQH. The coefficients of P,Q, PQ,QP,QPQ in the
expression of (aP + bQ + cPQ)? can be obtained by solving some linear equations. Then we have
c 1 1 1

(aP +bQ + cPQ)P = 2P+%Q+[ —]PQ—(5+5)QP+

(a+b+c)? * (a+b+c)? a
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b b(b b
R i e e )

(ii) f a+ b+ ¢ =0, then

al 0 0 o0
—a 0 0 o0
aP +bQ + cPQ = @
bQ21 0 bI 0
bQ23  bQ2a bQ31 0
By using the method in Theorem 2.1, we have
%I 0 0 0
1
—= 0 0 0
(aP +bQ + cPQ)P = a@n
—%Qm 0 %I 0
—1Q31Q21 0 1Qs O
1 1

1 1 1 1
= ~P+-Q--PQ- (= +7)QP - ~QPQ.
a b a a b a
[0 Now we can derive some special cases from Theorem 2.3. These results are those of Theorem 2.6 in

[9].
Corollary 2.5 Let P and Q be two idempotents in B(H). Assume that PQP = PQ, then the following
statements hold.

(i) (P+ Q)P =P+Q—-2QP—3PQ+ 3QPQ.

(ii) (P - Q)P =P —Q — PQ+QPQ.

We can also derive the formulaes of Drazin inverses of linear combinations of P and @ under the

condition PQP = PQ.

Corollary 2.6 Let P and Q be two idempotents in B(H). Assume that PQP = PQ, then the following
statements hold.
1P+ §Q+ [k — b - 21PQ
(aP +bQ)P = _aa_ﬁngp_F[_(afb)z +1QPQ, when a+b#0
%(P—Q—PQ—}-QPQ), when a+ b= 0.
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