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Abstract This paper talks about two types of special sequences. The first is the arithmetic sequence
of numbers with three alternate common differences; and the other, is the geometric sequence of numbers
with three alternate common differences. The formulas for the general term a,, and the sum of the first
n terms, denoted by S,,, are given respectively.

Key Words sequence, three alternate common ratios, alternate common differences

MSC 2010 20D06, 20D20

1 Arithmetic sequence of numbers with three alternate common differences

Definition 1.1. A sequence of numbers {a,} is called a sequence of numbers with three alternating

common differences if the following conditions are satisfied:

(i) for allk € N, agip—1 — asp—2 = di,
(ii) for allk € N, azy — asr—1 = da,
(iii) for all k € N, ask+1 — ask = ds,

here dy (da, and ds) is called the first (the second and the third) common differences of {a,}.

Example 1.2. The number sequence 1,2,4,7,8,10,13,14,16, ... is a sequence of numbers with three

alternate common differences, where di = 1,dy = 2, and ds = 3.
Obviously, {a,} has the following form
a1, a1 +di, a1 +di +da, a1 +dy +do +ds, a1 + 2dy + do + ds3, a1 + 2dy + 2da + ds,
a1+ 2dy + 2da + 2ds, a1 + 3dy + 2ds + 2ds, a1 + 3dy + 3d2 + 2ds, . ..

Theorem 1.3. The formula of the general term of a,, is

an:a1+{”T“Jdﬁ@dzq"ﬂ@ 1)
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Proof. We prove this theorem by induction on n.

Obviously, (1) holds for n = 1, 2, 3 and 4.

Suppose (1) holds when n = k, hence

k+1 k k—1
= — | d —|d — | d
oo |5 e |5+ [557
We need to show that P(k + 1) also holds for any k € N.
(i.) If k =3m — 2, where m € N, then ax11 = ar + dp
k+1 k k—1
g+1 = Ub1+_TJ d1+{§J dz-l—{TJ ds + dy
3m—2+1 3m — 2 3m—2-—1
= a1+ %Jdlﬁ-\‘m sz-ﬁ-\‘meCb-f—dl
= a1+(m—1)d1+(m—1)d2+(m—1)d3—|—d1
3m 2 1
= CL1+_TJdl“r\‘m—1+§Jd2+\‘m—1+§Jd3
k+1)+1 k+1 k+1)—1
= a+ Q d1+ PR d2+ # d3
| 3 3
. P(k+ 1) holds for k = 3m — 2.
(ii.) f k=3m—1, where m € N, then ap11 = ax + da
k+1 k k—1
= — | d —|d —— | ds+d
Q41 (l1+_ 3 J 1+{3J 2+{ 3 J 3 1+ d2
3m—1+1 3m—1 3m—1-1
= g | 3 Jdl—l- m3 Jdg—l—{im 3 Jd3+d2

a1 +md1 + (m— 1)d2 —|— (m— 1)d3 —|—d2

= a1+_m+%Jd1+f?m_d2+{m—1+§Jd3
= o+ %J%—i—_%sz—F{L—F;)_lJ%
. P(k+1) holds for k = 3m — 1.
(iii.) If K = 3m , where m € N, then ax1 = a + ds
ag+1 = a1+_k——§1J d1+{§J dz—i—{%J ds + ds
— w+ 3m+1Jd1+{%sz—%f’m_wds%—dk@
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. P(k+1) holds for k = 3m.
Therefore, (1) holds when n = k + 1. This proves the theorem.

Theorem 1.4. The formula of the general term of a, can also be

e e (P [ e () [7))

where d = di + do + d3.

Formula (2) can be shown easily using induction on n. The proof for the theorem is ommited.

Now we proceed to the sum of the first n terms of the sequence.

Theorem 1.5. The sum of the of the first n terms of the sequence, denoted by Sy, is given by

2 .
Sn—nal—i-%d; V;ZJ +2qn;1J dy — {gJ dg)

where d = dy + do + d3

Proof. Let d =dy + ds + ds.

Spn = a1+ (a1 +di)+ (a1 +di +da) + (a1 + di + d2 + d3)
+(a1 + 2d1 + do + ds3) + (a1 + 2d1 + 2d2 + d3) +

+(a1+{ Jdlq Jdﬁv?’ Jd)
= (a1 +(1=1d)+ (a1 +dy + (1 = 1)d) + (a1 + dy +do + (1 — 1)d)

+(a1+(2-1)d) + (a1 + di + (2 = 1)d) + (a1 + d1 +d2 + (2 — 1)d)
+(a1+(3—1)d)+...+(a1+d1+d2+(£J —l)d)

o529 (o (1)
5 [ ) s 5 (557 )
+;){n;1J<V;1J 1)d+{3J(d1+d2)

3151 (5] -1

= e ([ (1] ) [ ()
([ 2l5) 5) (5] -) o
a5 ) )
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Proof.

[1—?} = k< P < k 4 1 where k is an integer
q q

= m<£+n<m+1,m:n+k.
q
. [Q]_i_n_{lH—n(I]'
q q

Theorem 1.7. For any integer m > 0
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Corollary 1.8. For any integer m > 0,

Proof. Let q = {%J

i=0 i= i=m
mqg—1 i- n i
SRS
i=m(g—1) - i=mgq
g—1 [((G+1)m—1 'LJ n
-3 > 5] 2|5
7=0 i=jm Lm i=mq
qg—1 n i
= Ymit Y |
7=0 i=mq Lm
q
= 5 (@=1)+q(n+1-mq)

Theorem 1.9. The sum of the first n terms of the sequence can also be

Sn = nay + VTHJ (n+2—g V;4J>d1+ [gJ (n—i—l—g {";3J>d2
55 (357
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2 Geometric sequence of numbers with three alternate common ratios

Definition 2.1. A sequence of numbers {a,} is called a sequence of numbers with three alternating

common ratios if the following conditions are satisfied:

(i) for allk € N, dok—1 =71,

a3k—2
(i) for allk € N, 25— p,,
ask—1
(i11) for allk € N, Bokt1 3,
asg

where r1 , T9, and 13 are called the first, the second and the third common ratios of {a,} respectively.

Example 2.2. The number sequence 1,1/2,1/6,1/24,1/48,1/144,1/576,1/1152,1/3456, ... is an exam-
ple of the sequence where 11 = 1/2,79 = 1/3, and r3 = 1/4.

Obviously, {a,} has the following form
ai, airy, airire, CL1T1T2T3,CL17’%T27’3, aﬂ’%r%rg, aﬂ%r%r%, aszf’l’gT%, e
Theorem 2.3. The formula of the general term of a,, is
an =ay -y g gt (3)

where e; = L%J

Proof. Let e; = L%J and use induction on n to prove theorem 2.3.
Obviously, (3) holds for n = 1, 2, 3 and 4.

Now suppose (3) holds when n = k, hence

_ €k+1 €k €k—1
ag =ay - ;" rsE g (4)

We need to show that P(k + 1) also holds for any k € N.
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(i.) If k =3m — 2, where m € N, then ag41 = ay - r1

€ €L —
ar = ay-ry et ettt e

€ - € — €, —2—
— a T,ISm 2+1 T,23m 2 ,],,33771 2—-1 e

= ri”_l Tgn_l ry’ 1

(2] [m-1+3) [mo1d)

_1'

= a1r ) 3
(k4141 kil (k+1D)—1
= a TIL 5] 1"2L 5 1"3L a

. P(k+1) holds for k = 3m — 2.

(ii.) If k =3m — 1, where m € N, then ax11 = ay - 2

Ck+1 ek Ck—1

ar = ap-ry T erst gt g
— al Ti3m71+1 ’,,_5377171 T§3mflfl . T2
= a7 ré”fl Tgnfl Ty
1 3m 142
= a rle+3J 7‘2\- #) re\gm +i]
(k4141 ki1 (kD=1
N AN

. P(k+1) holds for k = 3m — 1.

(iii.) If K =3m , where m € N, then apy1 = aj - 73

€r €r—1

ap = ap-r{T oSyt g
= ay P g Ly
= a i’ ry 7‘5”71 T3
NE TR
Ll e e

. P(k+1) holds for k = 3m.
Therefore, (5) holds when n = k + 1 and this proves the theorem.

Theorem 2.4. The formula of the general term of a,, can also be

€n—1 T‘f71+1 —€n—1 Tgn_enfl

anp=ai T
_ _ i
where r =11 -1r9-7r3 and e¢; = L—mJ.

The proof for theorem 2.4 is ommited but it can be easily verified using mathematical induction.
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Theorem 2.5. The formula for the sum of the first n terms of the sequence is given by

e A )
savee (oenn ([5]- | 25)))

where R=1r1+riro+rirors , r=ryrors and e,_1 = L"T_IJ

Proof. Let p=-e,_1 = L”—*lj, R=ri4+riro+rirorsand r=ry o rs.

2 2,2 2,2 2
S, = ai1+airi +airire +airirers + airireTs + airiryry + a1riryrsy

3,.2,.2 3,.3,.2 3,.3..3 €n—1 €n—2  €n—3
+a1rirary + a1riryry +aryrary ..o+ ayp ry Ty r3

€n—1

€n €n—2 €.
+ay ri"t Ty r3" " +ar

€n En—1

n+1
o' T3

= ay+aR+arR+a1m®R+...+arP 'R+ ay Pyt gt

€en41 _en En-—1
+ay Tyt T3

= aitaR(1+r+r"+. .+ 1)+ 1T1”p<{n;1J_FD
+a17”(r1 + r1rg) O V = 1J>
— orar () e (|2 - 2))

+arrP(ry + 1172) OgJ - {” - 1J>
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