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1 Introduction

Let f: R — R.For 0 < ¢ < 1, the g-analog of the derivative, denoted by D, is defined by (see [6])

f(x) — flgx)

T —qx

D,f(x) = , ©#0. (1.1)

Whenever f/(0) exists, DyF'(0) = f'(0), and as ¢ — 17, the g—derivative reduces to the usual
derivative.

The g—analog of integration from 0 to a is given by (see [7])

/ f@)dgr =a(l— ) Y flad)d* (1.2)
0

k=0

and for a = oo,

/ f@da=(1-q) Y g (1.3)
0

n=—oo

provided the sum converges absolutely. On a general interval [a, b] the g—integral is defined by (see [3]-[4])

b

fx)dgx = bf(ac)dq:v— af(:v)dqx. (1.4)
J = o]

a
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The g—Jackson integral and the g—derivative are related by the fundamental theorem of quantum

calculus, which can be stated as follows (see [4], p.73):

If F' is an anti g—derivative of the function f, namely D, F = f , continuous at = a, then

b

/f(a:)dqa: = F(b) — F(a).

a

For any bounded function f, we have

and if fis continuous at 0, then
[ Dustoi = 5@ - 0,
For b > 0 and a = bg"™, n € N we denote
[a,b], = {bg" : 0 < k <n} and (a,b] = [ag™", b,

Let ¢ be a complex number, the g—shifted factorial are defined by

n—1

(c;@)o=1,(c;q)n = H (1 —ch), n=1,2,...

k=0
(@)oo = lim (¢5q)0 = [T (1 - eq").
k=0
For x complex we denote
el = L
x|, = .
q 1— q

The g—analogue of the Gamma function is defined by Jackson [3] as follows

T,(z) = ((;%;’; 1-q)",  2#£0,-1,-2,...

and it is satisfying the following

Lo(z +1) = [2]Tg(x), Ty(l) =1,

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

and tends to I'(x) as ¢ — 17. The g—integral representation of the Gamma function is (see [2]) as follows

(o) = Ky(o) [ £ e, (-0t
0

where

(1.14)

(1.15)
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and
— ~(1-q):0). (-0-97";
K (f) (1—q) . (—(1-a);q) ( (1-q) q)oo | "
1+ (1-q) (—1-9)¢%9) (— 1-q) " qH;q)oo

The g—fractional function is defined by the following : If n is a positive integer, then
(t—s)™ = (t—s)(t —gs)...(t — ¢" " 's). (1.17)

If n is not a positive integer, then

(t— o) = an ] L2000 (1.18)

oo L= (s/t)gt*

The g—derivative of the g—factorial function with respect to ¢ is

1—qg"
Dy (t—s)™ = 1_qq (t —s)nD, (1.19)

and the g—derivative of the g—factorial function with respect to t is

1
Dy (t - 5)(n) =

T (t —gqs)™ Y, (1.20)

We define the fractional g—integral by the following

t
I3 f(t) = 2) @D f(a)dyz (1.21)
]
T f(t) = (a 1)f r)dgr (1.22)
i
and
t
K f(t) (t —x) Y f(z)d,z . (1.23)
ra ]
In particular
t
I f(t) = J; f( fla
e

Ogiinmez and Ozkan [5] proved the following result

Theorem 1.1. Let f and g be two synchronous functions on [0,00). Then for all t > 0, v > 0, we have

1 (7o) ) > S ). (1.24
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2 Lemmas

The following lemmas are needed for our aim

Lemma 2.1.

Proof.

1
Io(1) = (@)
(1) Fy(a+1)

« _ 1 «
U= !

Lemma 2.2. Let f: R — R and define

then, for a > —1,

Jg F(x) = I3 (1),
1

I$f(w) = = KT f

Lol +1) 1

().

(2.1)

(2.2)

(2.3)
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Proof.

f(u) /(t - q:v)(o‘_l)dqacdqu

[
/

@) [ Doft = ) dyadu

. t
= ——— [(t—wYf(u)du
ol 7o) /
1

= Tarnel®

3 Main Results

Theorem 3.1. Let f and g be two synchronous on [0,00], h > 0, then for all t > 0, o, 3 > 0, we have

o

t «
qu (fgh)(t) + m%ﬁ (fgh)(t)
Je F(6)J] (gh) (8) + ] £ ()5 (gh) (8) + J5g(t)Jg (fR) (¢)
+Jg(t)J5 (fR) (t) — Jh(t)JS (fg) (t) — JFh(t) g (fg) (1) (3.1)

WV
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In particular,

I‘(Z(Oii(:_l)Jg (fgh) (t) = J5 F(£)Jg (gh) (1) + Tgg(t)T5 (FR) (t) = T&h(t) g (fa) (1).
e (F9) () + ————— 5 (£9) (t) = To F()T0g(t) + TP £(1) T2 g(2)
LyB+1)1° g T, (a+1)"1 9 Z Jq q9 q 7 9(1).

Proof. As
(t—2)" " (=) (f@) = W) (9(x) — 9()) (h(z) + h(y)) >0,

then, we have

/ / (t— 2" (¢ —9)" ™ (F(@) — 1)) (9(x) — 9)) (h(x) + h(y)) dgdyy > 0.
0 0

By opening the above, we obtain

t t

0

- / (t— 2)° "} h(z)dyz / (t— )" F)g(y)dy —
0

t

+ / (t— 2 f(@)dyz / (t— ) g(y)h(y)day +

0

Dividing the above inequality by I, (a) 'y (8), noticing that

we obtain

tﬁ o o
qu (fgh) (t) + m%ﬁ (fgh)(t)

Jg F()J3 (gh) (6) + T F(6) 15 (gh) () + I3 g(8) I3 (Fh) (1)
+I g7 (Fh) (8) = Jgh() ] (Fg) (8) = J7h(t)IT (f9) (B).

WV

The following is a similar result but dealing with I, I, 5.
Theorem 3.2. Let f and g be two synchronous on [0,00], h > 0, then for all t > 0, a, 5 > 0,

1
Ly(B+1)

1
Lg(ar+1)

HOI (Fgh) (1) +

15 (fgh) (t)
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> I3 f(O1] (gh) (1) + I"f()fg‘ h) () + I3 ()15 (fh) (t)

(9
g1 (Fh) (8) = Igh()I] (fg) (t) — ITh()Ig (fg) (2)-

In particular,

1 « «
P! e 0

13115 (gh) () + 139 I (fh) () = IFR(B)IF (f9) (1)

WV

1 . 1
T8+ 1)t(m"q (Fo) (1) + T (a+1)

> IS FOI]g(t) + 1) F(0) 5 g(t).

H17 (f9) (¢)

Remark. It may be mentioned that (1.24) follows from (3.4) by putting o = (.

Theorem 3.3. Let f and g be two functions on [0, 00|, then for t > 0, a, § > 0, we have

&JO‘ (f?) () + Lﬂ (9%) (t) = 2J5f(t) T g(t)
Le(B+1) 1 Ta+1) eV - a9

In particular
————Js (1) ) = (7).

Proof. Since

then, we have

The above implies

o

t
/ ﬁ 1f2 x) dgrdyy +
0

o

)" f(2)g(y)dgrdyy.

)
o .
o

w

|

H

Dividing the above inequality by I'y (a) T’y (8), noticing that

a1y _ t
KA HCESTY
‘We obtain
M JE(f2) (¢ e JB(g?) (t) = 2Jf () TP g(t
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Theorem 3.4. Let f and g be two functions on [0, 00], then for t > 0, «, 8 > 0, we have

Jg () )7 (9%) (1) + I (£2) (0I5 (97) (8) = 205 (f) ()] (fg) (2) (3.7)

In particular

Proof. Since
(t—2)" " (t =) (F@)gly) — FWa(x)* >0,

then, we have
/ / (t =) (t— )" (f@)g(y) — Fy)g(@)? dyzdyy > 0.
0 0

O

The result follows by opening the last inequality and dividing by T'; () T'y (3) as in the previous
result.

Other inequalities dealing with f, g are presented in the following two results
Theorem 3.5. Let f and g be two functions on [0, 00|, then for t > 0, a, f > —1, we have

+(8) _ ()

mjg (f9) (t)qu (fg) ()
> Jg (F) 077 (@) @) + 77 () (1) Jg (@) (1) (3.9)
Proof. The proof follows from Theorem 3.1, (3.2), and via Lemma 2.2. O

Theorem 3.6. Let f and g be two functions on [0, 00], then for t > 0, o, 8 > 0 we have

t(ﬁ)KgHrl (E) (t) + t(a)Kngl (E) (1)
> K¢ (F) K] @) )+ K} (F) (K @) (1) (3.10)

Proof. Replacing f, g by f , g in (3.4), we obtain

1

mt(ﬁ)@ (fg) (t) +

mt(a)fqﬁ (fg) () = I3 (f) (t)IqB (@) @) + Iqﬁ (f) ()15 (9) ().

The result follows via Lemma 2.2. Our last result concerning some bounds

Theorem 3.7. Let f and g be two differentiable functions on [0, 00]. Define

[/l = sup |f'(x)] < o0,

z€[0,00]
then for t > 0, o, 8 > 1 we have
tP te

mu’? (fg) (1) + quﬁ (fg) () = J5 (f) (0)J2 (g) (t) — JP (1) I3 g(t)
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< 2008 1 oo 19l (3.11)

where
1 1

Ca,p = max { Ty(a+ 1)0y(3+3) Tg(B+ DTy(a + 3)} '

In particular

a0 - | < sl e e (3.12)
Proof.
I = e U9 0+ s U O - 1 ()01 (9) (0~ 170190
- T / / (- 2" (1) (F() — ) (0(x) — g(0) dady
_ F(a)lr(m O/to/t(t_x)a Lt —y)° 1jf’(u)duj (v)dvdzdy
< Wllsle / /< (- g / /
SIS / / (t = )" (t—9)" o~y dady

fr>y, |z —y|=2—y<t—y, hence

o 19 [ [ 0y oyt oyt g
R e O/O/(t )7 (¢ ) dedy

1 e 19l 75 (1) I52(1)
Capt™ T2 f o 19l
2 | N gl toHOF2

Oz(ﬁ + 2) F(Q)F(B) = F(Oz)r(ﬂ) Cotﬁ ||f</>o|| ”g/Hoo

Similarly, if <y, we have

Hf || Hg H o . .
PR LAY Lt — )PV dady < Co st P2 £ 19/l

4 Conclusion

Three definitions of fractional g-integral are given in order to introduce generalizations for the results

of [1] and [5] as well as other results are presented including some bounds.
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