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1 Introduction

Let f : R → R .For 0 < q < 1, the q-analog of the derivative, denoted by Dq is defined by (see [6])

Dqf(x) =
f(x) − f(qx)

x − qx
, x 6= 0. (1.1)

Whenever f ′(0) exists, DqF (0) = f ′(0) , and as q → 1−, the q−derivative reduces to the usual

derivative.

The q−analog of integration from 0 to a is given by (see [7])

a
∫

0

f(x)dqx = a(1 − q)

∞
∑

k=0

f(aqk)qk , (1.2)

and for a = ∞,

∞
∫

0

f(x)dqx = (1 − q)

∞
∑

n=−∞

f(qn)qn (1.3)

provided the sum converges absolutely. On a general interval [a, b] the q−integral is defined by (see [3]-[4])

b
∫

a

f(x)dqx =

b
∫

0

f(x)dqx −

a
∫

0

f(x)dqx. (1.4)
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The q−Jackson integral and the q−derivative are related by the fundamental theorem of quantum

calculus, which can be stated as follows (see [4], p.73):

If F is an anti q−derivative of the function f, namely DqF = f , continuous at x = a, then

b
∫

a

f(x)dqx = F (b) − F (a). (1.5)

For any bounded function f, we have

Dq

x
∫

a

f(t)dqt = f(x), (1.6)

and if f is continuous at 0, then
x

∫

a

Dqf(t)dqt = f(x) − f(0), (1.7)

For b > 0 and a = bqn, n ∈ N we denote

[a, b]q =
{

bqk : 0 6 k 6 n
}

and (a, b] = [aq−1, b]q. (1.8)

Let c be a complex number, the q−shifted factorial are defined by

(c; q)0 = 1, (c; q)n =
n−1
∏

k=0

(

1 − cqk
)

, n = 1, 2, ... . (1.9)

(c; q)∞ = lim
n→∞

(c; q)n =

∞
∏

k=0

(

1 − cqk
)

. (1.10)

For x complex we denote

[x]q =
1 − qx

1 − q
. (1.11)

The q−analogue of the Gamma function is defined by Jackson [3] as follows

Γq(x) =
(q; q)∞
(qx; q)∞

(1 − q)1−x , x 6= 0,−1,−2, ..... , (1.12)

and it is satisfying the following

Γq(x + 1) = [x]qΓq(x), Γq(1) = 1, (1.13)

and tends to Γ(x) as q → 1−. The q−integral representation of the Gamma function is (see [2]) as follows

Γq(x) = Kq(x)

∞
∫

0

tx−1eq(−t)dqt, (1.14)

where

eq(t) =
1

((1 − q) t; q)
∞

, (1.15)
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and

Kq(t) =
(1 − q)−x

1 + (1 − q)
−1 ×

(− (1 − q) ; q)
∞

(

− (1 − q)
−1

; q
)

∞

(− (1 − q) qt; q)
∞

(

− (1 − q)
−1

q1−t; q
)

∞

. (1.16)

The q−fractional function is defined by the following : If n is a positive integer, then

(t − s)
(n)

= (t − s)(t − qs)...(t − qn−1s). (1.17)

If n is not a positive integer, then

(t − s)
(n)

= xn

∞
∏

k=0

1 − (s/t)qk

1 − (s/t)qn+k
. (1.18)

The q−derivative of the q−factorial function with respect to t is

Dq (t − s)(n) =
1 − qn

1 − q
(t − s)(n−1), (1.19)

and the q−derivative of the q−factorial function with respect to t is

Dq (t − s)
(n)

=
1 − qn

1 − q
(t − qs)(n−1). (1.20)

We define the fractional q−integral by the following

Iα
q f(t) =

1

Γq(α)

t
∫

0

(t − qx)(α−1)f(x)dqx , (1.21)

Jα
q f(t) =

1

Γq(α)

t
∫

0

(t − x)(α−1)f(x)dqx , (1.22)

and

Kα
q f(t) =

1

Γq(α)

t
∫

0

(t − x)(α−1)f(x)dqx . (1.23)

In particular

I1
q f(t) = J1

q f(t) = K1
q f(t)

t
∫

0

f(x)dqx .

Öğünmez and Özkan [5] proved the following result

Theorem 1.1. Let f and g be two synchronous functions on [0,∞). Then for all t > 0, v > 0, we have

Iv
q (fg) (t) >

Γq(v + 1)

t(v)
Iv
q f(t)Iv

q g(t). (1.24)
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2 Lemmas

The following lemmas are needed for our aim

Lemma 2.1.

Iα
q (1) =

1

Γq(α + 1)
t(α), (2.1)

Jα
q (1) =

1

Γq(α + 1)
tα. (2.2)

Proof.

Iα
q (1) =

1

Γq(α)

t
∫

0

(t − qx)(α−1)dqx

= −
1

Γq(α)

1 − q

1 − qα

t
∫

0

Dq(t − x)(α−1)dqx

= −
1

Γq(α)

1 − q

1 − qα

(

0 − t(α)
)

=
1

[α]q Γq(α)
t(α) =

1

Γq(α + 1)
t(α).

Jα
q (1) =

1

Γq(α)

t
∫

0

(t − x)α−1dqx

=
1

Γq(α)

t
∫

0

uα−1dqu, (t − x = u)

=
1

Γq(α)
t (1 − q)

∞
∑

k=0

(

tqk
)α−1

qk

=
1

Γq(α)
tα (1 − q)

∞
∑

k=0

(qα)
k

=
1

Γq(α)

1 − q

1 − qα
tα

=
tα

[α]q Γq(α)
=

tα

Γq(α + 1)
.

Lemma 2.2. Let f : R → R and define

f(x) =

x
∫

0

f(u)dqu, (2.3)

then, for α > −1,

Jα
q f(x) = Jα+1

q f(t), (2.4)

Iα
q f(x) =

1

Γq(α + 1)
Kα+1

q f(x). (2.5)
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Proof.

Jα
q f̄(t) =

1

Γq(α)

t
∫

0

(t − x)α−1

x
∫

0

f(u)dqudqx

=
1

Γq(α)

t
∫

0

f(u)

t
∫

u

(t − x)α−1dqxdqu

=
1

Γq(α)

t
∫

0

f(u)

t−u
∫

0

vα−1dqvdqu

=
1

Γq(α)
(1 − q)

∞
∑

k=0

(

qk
)α−1

qk

t
∫

0

f(u)(t − u)αdqu

=
1

Γq(α)
(1 − q)

∞
∑

k=0

(qα)
k

t
∫

0

f(u)(t − u)αdqu

=
Γq(α + 1)

Γq(α)

1 − q

1 − qα
Jα+1

q f(t) =
Γq(α + 1)

Γq(α) [α]q
Jα+1

q f(t)

= Jα+1
q f(t).

Iα
q f̄(t) =

1

Γq(α)

t
∫

0

(t − qx)(α−1)

x
∫

0

f(u)dqudqx

=
1

Γq(α)

t
∫

0

f(u)

t
∫

u

(t − qx)(α−1)dqxdqu

=
1

Γq(α)

t
∫

0

f(u)

t
∫

u

Dq(t − x)(α)dqxdqu

=
1

[α]q Γq(α)

t
∫

0

(t − u)(α)f(u)dqu

=
1

Γq(α + 1)
Kα

q f(t).

3 Main Results

Theorem 3.1. Let f and g be two synchronous on [0,∞], h > 0, then for all t > 0, α, β > 0, we have

tβ

Γq(β + 1)
Jα

q (fgh) (t) +
tα

Γq(α + 1)
Jβ

q (fgh) (t)

> Jα
q f(t)Jβ

q (gh) (t) + Jβ
q f(t)Jα

q (gh) (t) + Jα
q g(t)Jα

q (fh) (t)

+Jβ
q g(t)Jα

q (fh) (t) − Jα
q h(t)Jβ

q (fg) (t) − Jβ
q h(t)Jα

q (fg) (t). (3.1)
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In particular,

tα

Γq(α + 1)
Jα

q (fgh) (t) > Jα
q f(t)Jα

q (gh) (t) + Jα
q g(t)Jα

q (fh) (t) − Jα
q h(t)Jα

q (fg) (t).

tβ

Γq(β + 1)
Jα

q (fg) (t) +
tα

Γq(α + 1)
Jβ

q (fg) (t) > Jα
q f(t)Jβ

q g(t) + Jβ
q f(t)Jα

q g(t).

Proof. As

(t − x)
α−1

(t − y)
β−1

(f(x) − f(y)) (g(x) − g(y)) (h(x) + h(y)) > 0,

then, we have

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

(f(x) − f(y)) (g(x) − g(y)) (h(x) + h(y)) dqxdqy > 0.

By opening the above, we obtain

t
∫

0

(t − x)
α−1

f(x)g(x)h(x)dqx

t
∫

0

(t − y)
β−1

dqy +

t
∫

0

(t − y)
β−1

f(y)g(y)h(y)dqy

t
∫

0

(t − x)
α−1

dqx

>

t
∫

0

(t − x)
α−1

f(x)h(x)dqx

t
∫

0

(t − y)
β−1

g(y)dqy +

t
∫

0

(t − x)
α−1

g(x)h(x)dqx

t
∫

0

(t − y)
β−1

f(y)dqy

−

t
∫

0

(t − x)
α−1

h(x)dqx

t
∫

0

(t − y)
β−1

f(y)g(y)dqy −

t
∫

0

(t − x)
α−1

f(x)g(x)dqx

t
∫

0

(t − y)
β−1

h(y)dqy

+

t
∫

0

(t − x)
α−1

f(x)dqx

t
∫

0

(t − y)
β−1

g(y)h(y)dqy +

t
∫

0

(t − x)
α−1

g(x)dqx

t
∫

0

(t − y)
β−1

f(y)h(y)dqy.

Dividing the above inequality by Γq (α) Γq (β), noticing that

Jα
q (1) =

1

Γq(α + 1)
tα,

we obtain

tβ

Γq(β + 1)
Jα

q (fgh) (t) +
tα

Γq(α + 1)
Jβ

q (fgh) (t)

> Jα
q f(t)Jβ

q (gh) (t) + Jβ
q f(t)Jα

q (gh) (t) + Jα
q g(t)Jα

q (fh) (t)

+Jβ
q g(t)Jα

q (fh) (t) − Jα
q h(t)Jβ

q (fg) (t) − Jβ
q h(t)Jα

q (fg) (t).

The following is a similar result but dealing with Iα
q , Iβ

q .

Theorem 3.2. Let f and g be two synchronous on [0,∞], h > 0, then for all t > 0, α, β > 0,

1

Γq(β + 1)
t(β)Iα

q (fgh) (t) +
1

Γq(α + 1)
t(α)Iβ

q (fgh) (t)
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> Iα
q f(t)Iβ

q (gh) (t) + Iβ
q f(t)Iα

q (gh) (t) + Iα
q g(t)Iα

q (fh) (t)

+Iβ
q g(t)Iα

q (fh) (t) − Iα
q h(t)Iβ

q (fg) (t) − Iβ
q h(t)Iα

q (fg) (t). (3.2)

In particular,

1

Γq(α + 1)
t(α)Iα

q (fgh) (t)

> Iα
q f(t)Iα

q (gh) (t) + Iα
q g(t)Iα

q (fh) (t) − Iα
q h(t)Iα

q (fg) (t). (3.3)

1

Γq(β + 1)
t(β)Iα

q (fg) (t) +
1

Γq(α + 1)
t(α)Iβ

q (fg) (t)

> Iα
q f(t)Iβ

q g(t) + Iβ
q f(t)Iα

q g(t). (3.4)

Remark. It may be mentioned that (1.24) follows from (3.4) by putting α = β.

Theorem 3.3. Let f and g be two functions on [0,∞], then for t > 0, α, β > 0, we have

t(β)

Γq(β + 1)
Jα

q

(

f2
)

(t) +
t(α)

Γq(α + 1)
Jβ

q

(

g2
)

(t) > 2Jα
q f(t)Jβ

q g(t). (3.5)

In particular

t(α)

Γq(α + 1)
Jα

q

(

f2
)

(t) >
(

Jα
q f(t)

)2
. (3.6)

Proof. Since

(t − x)
α−1

(t − y)
β−1

(f(x) − g(y))
2

> 0,

then, we have
t

∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

(f(x) − g(y))
2
dqxdqy > 0.

The above implies

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

f2 (x) dqxdqy +

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

g2 (y) dqxdqy

> 2

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

f(x)g(y)dqxdqy.

Dividing the above inequality by Γq (α) Γq (β), noticing that

Jα
q (1) =

tα

Γq(α + 1)
,

We obtain
t(β)

Γq(β + 1)
Jα

q

(

f2
)

(t) +
t(α)

Γq(α + 1)
Jβ

q

(

g2
)

(t) > 2Jα
q f(t)Jβ

q g(t).
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Theorem 3.4. Let f and g be two functions on [0,∞], then for t > 0, α, β > 0, we have

Jα
q

(

f2
)

(t)Jβ
q

(

g2
)

(t) + Jβ
q

(

f2
)

(t)Jα
q

(

g2
)

(t) > 2Jα
q (fg) (t)Jβ

q (fg) (t) (3.7)

In particular

Jα
q

(

f2
)

(t)Iβ
q

(

g2
)

(t) >
(

Jα
q (fg) (t)

)2
. (3.8)

Proof. Since

(t − x)
α−1

(t − y)
β−1

(f(x)g(y) − f(y)g(x))
2

> 0,

then, we have
t

∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

(f(x)g(y) − f(y)g(x))
2
dqxdqy > 0.

The result follows by opening the last inequality and dividing by Γq (α) Γq (β) as in the previous

result.

Other inequalities dealing with f̄ , ḡ are presented in the following two results

Theorem 3.5. Let f and g be two functions on [0,∞], then for t > 0, α, β > −1, we have

t(β)

Γq(β + 1)
Jα

q

(

fg
)

(t)
t(α)

Γq(α + 1)
Jβ

q

(

fg
)

(t)

> Jα
q

(

f
)

(t)Jβ
q (g) (t) + Jβ

q

(

f
)

(t)Jα
q (g) (t) (3.9)

Proof. The proof follows from Theorem 3.1, (3.2), and via Lemma 2.2.

Theorem 3.6. Let f and g be two functions on [0,∞], then for t > 0, α, β > 0 we have

t(β)Kα+1
q

(

fg
)

(t) + t(α)Kβ+1
q

(

fg
)

(t)

> Kα
q

(

f
)

(t)Kβ
q (g) (t) + Kβ

q

(

f
)

(t)Kα
q (g) (t) (3.10)

Proof. Replacing f, g by f̄ , ḡ in (3.4), we obtain

1

Γq(β + 1)
t(β)I1

q

(

fg
)

(t) +
1

Γq(α + 1)
t(α)Iβ

q

(

fg
)

(t) > Iα
q

(

f̄
)

(t)Iβ
q (g) (t) + Iβ

q

(

f
)

(t)Iα
q (g) (t).

The result follows via Lemma 2.2. Our last result concerning some bounds

Theorem 3.7. Let f and g be two differentiable functions on [0,∞]. Define

‖f ′‖
∞

= sup
x∈[0,∞]

|f ′(x)| < ∞,

then for t > 0, α, β > 1 we have

∣

∣

∣

∣

tβ

Γ(β + 1)
Jα

q (fg) (t) +
tα

Γ(α + 1)
Jβ

q (fg) (t) − Jα
q (f) (t)Jβ

q (g) (t) − Jβ
q f(t)Jα

q g(t)

∣

∣

∣

∣
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6 tα+β+2Cα,β ‖f ′‖
∞

‖g′‖
∞

, (3.11)

where

Cα,β = max

{

1

Γq(α + 1)Γq(β + 3)
,

1

Γq(β + 1)Γq(α + 3)

}

.

In particular

∣

∣

∣

∣

tα

Γ(α + 1)
Iα(fg)(t) − Iαf(t)Iαg(t)

∣

∣

∣

∣

6
‖f ′‖

∞
‖g′‖

∞

Γ(α + 1)Γq(α + 3)
t2α+2. (3.12)

Proof.

J =

∣

∣

∣

∣

tβ

Γ(β + 1)
Iα (fg) (t) +

tα

Γ(α + 1)
Iβ (fg) (t) − Iα (f) (t)Iβ (g) (t) − Iβf(t)Iαg(t)

∣

∣

∣

∣

=
1

Γ(α)Γ(β)

∣

∣

∣

∣

∣

∣

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

(f(x) − f(y)) (g(x) − g(y)) dxdy

∣

∣

∣

∣

∣

∣

=
1

Γ(α)Γ(β)

∣

∣

∣

∣

∣

∣

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

x
∫

y

f ′(u)du

x
∫

y

g′(v)dvdxdy

∣

∣

∣

∣

∣

∣

6
‖f ′‖

∞
‖g′‖

∞

Γ(α)Γ(β)

∣

∣

∣

∣

∣

∣

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β−1

x
∫

y

du

x
∫

y

dvdxdy

∣

∣

∣

∣

∣

∣

=
‖f ′‖

∞
‖g′‖

∞

Γ(α)Γ(β)

∣

∣

∣

∣

∣

∣

t
∫

0

t
∫

0

(t − x)α−1 (t − y)β−1 |x − y|2 dxdy

∣

∣

∣

∣

∣

∣

.

If x > y, |x − y| = x − y 6 t − y, hence

J 6
‖f ′‖

∞
‖g′‖

∞

Γ(α)Γ(β)

t
∫

0

t
∫

0

(t − x)
α−1

(t − y)
β+1

dxdy

= ‖f ′‖
∞

‖g′‖
∞

Jα
q (1)Jβ+2

q (1)

= Cα,βtα+β+2 ‖f ′‖
∞

‖g′‖
∞

=
tα+β+2

α(β + 2)

‖f ′‖
∞

‖g′‖
∞

Γ(α)Γ(β)
6

tα+β+2

Γ(α)Γ(β)
Cα,β ‖f ′

∞
‖ ‖g′‖

∞
.

Similarly, if x 6 y, we have

J 6
‖f ′‖

∞
‖g′‖

∞

Γ(α)Γ(β)

t
∫

0

t
∫

0

(t − x)
α+1

(t − y)
β−1

dxdy 6 Cα,βtα+β+2 ‖f ′‖
∞

‖g′‖
∞

.

4 Conclusion

Three definitions of fractional q-integral are given in order to introduce generalizations for the results

of [1] and [5] as well as other results are presented including some bounds.
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